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Preface

The objects like digital image, scanner, display, look–up–table, filter that we deal with

in digital image processing can be defined in a precise way by using various algebraic

concepts such as set, Cartesian product, binary relation, mapping, composition, opera-

tion, operator and so on.

The useful operations on digital images can be defined in terms of mathematical prop-

erties like commutativity, associativity or distributivity, leading to well known algebraic

structures like monoid, vector space or lattice.

Furthermore, the useful transformations that we need to process the images can be

defined in terms of mappings which preserve these algebraic structures. In this sense, they

are called morphisms.

The main objective of this book is to give all the basic details about the algebraic ap-

proach of digital image processing and to cover in a unified way the linear and morpholog-

ical aspects.

With all the early definitions at hand, apparently difficult issues become accessible.

Our feeling is that such a formal approach can help to build a unified theory of image

processing which can benefit the specification task of image processing systems.

The ultimate goal would be a precise characterization of any research contribution

in this area.

This book is the result of many years of works and lectures in signal processing and

more specifically in digital image processing and mathematical morphology. Within this

process, the years we have spent at the Brazilian Institute for Space Research (INPE) have

been decisive.

This second edition contains many small improvements which are the result of our

teaching experience at INPE during the years of 1998, 1999 and 2000. The major of them

are the intoduction of poset graphs which give a better foundation to the Hasse diagram

in Chaper 1 and the introduction of two types of window operators in Chapter 4.

São José dos Campos, July 2000.

Gerald Jean Francis Banon
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Chapter 1

Digital image

The digital images are the first objects to be dealt with in image processing. In  this chap-

ter, we restrict ourselves to the case of the gray–level  images. This case includes the

binary and black–and–white images.

The next section provides the precise definition of pixel (picture element). As will

be seen, this definition precede the definition of image.

1.1   Image definition

We begin introducing two different sets of elements which will enter in the gray–level

image definition.

The first set, that we denote by E, is a set of adjacent squares arranged along a certain

number of rows and columns, and forming a rectangular surface (here we will not try to

formalize the concepts of square, row and column, we just accept them as geometrical

features). The squares are distinguished by their position.

Figure 1.1 shows a set of 110 squares arranged along 10 rows and 11 columns. A small
� has been drawn in each square to indicate that it is not white colored.

The second set, that we denote by K, is a set of gray–levels. We call it gray–scale.

Figure 1.2 shows a gray–scale with 4 gray–levels.

Definition 1.1 (pixel) – A gray square or picture–element or pixel for short, located in E

and with a gray–level in K, is an element of the Cartesian product (see Definition 1.14)

of E and K. �
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Fig. 1.1 – A set of squares.

E �

Fig. 1.2 – A gray–scale.

K �

Figure 1.3 shows the Cartesian product E � K where E is the set of squares shown

in Figure 1.1 and K is the gray–scale shown in Figure 1.2.

Fig. 1.3 – Cartesian product of a set of squares and a gray–scale.

E � K � �

By definition of the Cartesian product, a gray square or pixel located in E and with

a gray–level in K is an ordered pair (x, s) whose elements are a (non colored) square x of

E and a gray–level s of K. Sometimes, we say that x is the pixel location in E.

Figure 1.4 shows two graphical representations of a certain pixel (x, s) of the Carte-

sian product E � K shown in Figure 1.3.

Fig. 1.4 – A pixel.

(x, s) � ( , ) or (x, s) �

Here, we must distinguish between a square and a pixel: a square does not have any

color (even black or white) as opposed to a pixel which is a gray colored square.

Definition 1.2 (digital gray–level image) – A digital gray–level image or simply a gray–

level image or image with domain E and gray–scale K, is a graph–of–a–mapping on E

to K (see Definition 1.16). �
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In other words (see Definition 1.16), an image I with domain E and gray–scale K is

a subset of pixels located in E and with gray–levels in K such that each square of E is col-

ored with one and only one gray–level of K. Using the mathematical notation, we write

I � � (E � K).

An element p of E � K is a pixel of I iff (if and only) if p � I.

Figure 1.5 shows an image I having as domain E the set of squares shown in Figure

1.1 and as gray–scale K the set of gray–levels shown in Figure 1.2.

Fig. 1.5 – An image.

I �

If the number of rows of E is m and the number of columns is n, then the image and

its domain are said to be of size m by n, or simply is m by n. Sometimes, the expression

m by n is written m � n.

The image of Figure 1.5 is of size 10 by 11.

Two images with the same domain and the same gray–scale are said to be equal if they

have the same pixels.

As a direct consequence of the image definition, we can make the following observa-

tions.

On one hand, an image I on E to K is necessarily a subset of E � K. Figure 1.6 illus-

trates this point for the image of Figure 1.5. In other words, I is a binary relation on E to

K (see Definition 1.15). As a relation, I is read “is colored with”.

On the other hand, not all subset of E � K is an image on E to K. A necessary condi-

tion for a subset X of E � K to be an image is that the number of pixels of X must be equal

to the number of elements of E, but this is not a sufficient condition.

Fig. 1.6 – An image as a subset of a Cartesian product.

� �

Figure 1.7 shows a subset of the Cartesian product of a set of 9 squares and a gray–

scale with 4 gray–levels which is an image since this subset is a graph–of–a–mapping.
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Fig. 1.7 – A Cartesian product subset which is an image.

� { , , , , , , , , } � �

Exercise 1.3 (image) – Does the subset of Figure 1.8 form an image on the set of 9

squares to the gray–scale with 4 gray–levels? Explain your answer. If so, draw the image.

�

Fig. 1.8 – A Cartesian product subset.

{ , , , , , , , } � �

Exercise 1.4 (image) – Does the subset of Figure 1.9 form an image on the set of 9

squares to the gray–scale with 4 gray–levels? Explain your answer. If so, draw the image.

�

Fig. 1.9 – A Cartesian product subset.

{ , , , , , , , , } � �

Exercise 1.5 (image) – Does the subset of Figure 1.10 form an image on the set of 9

squares to the gray–scale with 4 gray–levels? Explain your answer. If so, draw the image.

�

Fig. 1.10 – A Cartesian product subset.

{ , , , , , , , , } � �,

An image is a graph–of–a–mapping, but not every graph–of–a–mapping is an image.

When we refer to an image, we must consider the properties of E and K. Some graph–of–

a–mappings have the same nature of the images.

Before ending this section, we want to point out the analogy between the definition

of gray–level image and the definition of rectangular array of natural numbers or simply

numerical array.

We denote by K� an interval of natural numbers and we consider the set K� in place

of the gray–scale K.
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We call numbered square or array–element located in E and with a number in K�, an

element of the Cartesian product of E and K�. In other words, an array–element located

in E and with a number in K� is an ordered pair (x, s) whose elements are a (non numbered)

square x of E and a number s of K�.

A rectangular array of natural numbers or numerical array with domain E with m

rows and n columns, and with an interval K� (of natural numbers), is a graph–of–a–map-

ping on E to K�.

In other words, a numerical array with domain E and interval K� is a subset of array–

elements located in E and with numbers in K� such that each square of E is numbered with

one and only one number of K�. Using the mathematical notation, we write

A � � (E � K�).

Figure 1.11 shows a numerical array A having as domain E the set of squares shown

in Figure 1.1 and as interval of natural numbers the set {0, 1, 2, 3}. In this figure the square

edges have been omitted instead two square braces have been used to group the array ele-

ments.

Fig. 1.11 – A numerical array.
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In the next section we will show the relationship between images and rectangular ar-

rays of natural numbers.

1.2   Image characterization

In this section we introduce several image characterizations, the more important one be-

ing the characterization in terms of matrix. This characterization will lead to the notions

of scanner device and display device. First, we introduce the characterization in terms of

mapping.

By the graph–of–a–mapping characterization (see Proposition 1.32), we can assign,

in a bijective way, to each image I on E to K, the mapping fI from E to K (see Expression

(1.1) in Section 1.3) defined by, for any x of E and s of K,

fI(x)
�� s iff x I s.
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Figure 1.12 illustrates, by mean of block diagrams, the image characterization in

terms of mapping.

Fig. 1.12 – Image characterization in terms of mapping.
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Since I 
 fI is a bijection, very often, no distinction will be made between an image

I and its representation by the mapping fI. Abuse of notation will also occur in that a map-

ping will often be called an image, and conversely, an image will often be called a map-

ping and denoted by f.

The elements of Gf (see Expression (1.2) in Section 1.3) are of the form (x, f (x)).

Hence, by abuse of notation, we say that they are pixels of f.

From the characterization in terms of mapping, we can introduce the characterization

in terms of matrix. Actually, to do that, we need to consider some algebraic properties of

the image domain and gray–scale.

With respect to an image, it is possible to identify two binary relations, one defined

on the set E of adjacent squares and an another one defined on the gray–scale K.

On the set E of squares, we can define the binary relation: “is ((on the same row as)

or (on a row above the row of)) and ((on the same column as) or (on a column to the left

of the column of))”.

This binary relation is a partial ordering (see Definition 1.36). When no confusion is

likely to arise, we will denote it by 	.

Figure 1.13 shows four squares, called a, b, c and d, in a set of squares with four rows

and four columns. Following the above definition for 	, the expression a 	 b is true,

but both expressions c 	 d and d 	 c are false. We say that a and b can be compared

but c and d not.

Fig. 1.13 – Four squares in a set of squares.

a

b

c

d

We observe that on the set E of squares, the binary relations: “is (on the same row as)

or (on a row above the row of)” and “is (on the same column as) or (a column to the left

of the column of)” are reflexive and transitive but not anti–symmetric.
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Exercise 1.6 (partial ordering on the squares) – Prove that the binary relation “is ((on the

same row as) or (on a row above the row of)) and ((on the same column as) or (on a column

to the left of the column of))” defined on the set E of squares is a partial ordering. �

Solution – First, two identical squares are on the same row and column, that is, the reflex-

ive condition is satisfied; second, if a square a “is ((on the same row as) or (on a row above

the row of)) and ((on the same column as) or (on a column to the left of the column of))”

a square b and conversely, then the square a must be on the same row and column as the

square b, in other words, they are identical, that is, the antisymmetry condition is satisfied;

third, the relations between the squares: “is (on the same row as) or (on a row above the

row of)” and “is (on the same column as) or (a column to the left of the column of)” are

transitive, consequently their intersection (set intersection) is also transitive, that is, the

transitivity condition is satisfied. �

Hence, the set E of adjacent squares arranged along rows and columns with its binary

relation is a poset (see Definition 1.38).

On the set K of gray levels we can define the binary relation: “is darker or equal than”.

This binary relation is a partial ordering. When no confusion is possible, we will de-

note it by 	. Hence, the gray–scale K with this binary relation is another poset.

Unlike the set E, the gray–scale K with its binary relation is a chain (see Definition

1.39).

Between the rows and columns of squares of E, we can identify, respectively, the

binary relations “is (identical to) or (above)” and “is (identical to) or (on the left of)”.

With these binary relations, the set of rows and the set of columns form two chains.

From Proposition 1.52, each of these two chains are poset–isomorphic to some ordi-

nal number, so we can refer to the “first”, the “second” ... row and column of the image

domain.

This leads up to the following algebraic property of an image domain.

Proposition 1.7 (image domain property) – A set E of adjacent squares arranged along

m rows and n columns, with the partial ordering “is ((on the same row as) or (on a row

above the row of)) and ((on the same column as) or (on a column to the left of the column

of))” is poset–isomorphic to the direct product m � n of the ordinal number m with the

ordinal number n. �

Proof – We have to show the existence of a bijection between the set E of the squares and

the direct product m � n, which is order–preserving. Let us consider the mapping that

assigns to the square at the ith row and the jth column the pair (i, j). By construction, this

mapping is a bijection from E to m � n, in other words, E � (m � n). Furthermore, if,

under this mapping, a square a maps to (i, j) and a square a� maps to (i�, j�) then the square

a “is ((on the same row as) or (on a row above the row of)) and ((on the same column as)

or (on a column to the left of the column of))” the square a� if and only if (i, j) 	 (i�, j�).
�

Since there is only one poset–isomorphism from m � n to (E, 	) we can give it a

name. We will denote it by b1. Figure 1.14 shows the poset–isomorphism b1 for a 2 by

2 image domain. We observe that this mapping preserve the ordering.
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Fig. 1.14 – The poset–isomorphism for an image domain.

, 	)b1 : 2 � 2 � {(1, 1), (1, 2), (2, 1), (2, 2)} � (

In relation to a gray–scale, we can identify a similar algebraic property. Let Kp be the

interval [0, p � 1] of the first p natural numbers.

Proposition 1.8 (gray–scale property) – A gray–scale K with p gray levels, with the par-

tial ordering “is darker or equal than” is poset–isomorphic to the interval Kp of the first

p natural numbers with the usual partial ordering. �

Proof – The interval Kp of the first n natural numbers with the usual partial ordering, and

a gray–scale K with p gray levels, with the partial ordering “is darker or equal than” are

both poset–isomorphic to the ordinal number p (see Proposition 1.52). Therefore, the

proposition is a consequence of the transitivity of the binary relation “is poset–isomorphic

to”. �

Since there is only one poset–isomorphism from (K, 	) to (Kp, 	), we can give it

a name. We will denote it by b2. Figure 1.15 shows the poset–isomorphism b2 for a gray–

scale with 4 gray levels. We observe that this mapping preserve the ordering.

Fig. 1.15 – The poset–isomorphism for a gray–scale.

b2 : ({ }, 	) � ({0, 1, 2, 3}, 	), , ,

We are now ready to establish the image characterization in terms of matrix.

Let f be a mapping from E to K (we recall that such f may characterize an image on

E to K), we denote by g f the expression defined by

g f

�� b2
� f � b1.

Let g be a mapping from m � n to Kp (g can be seen as a matrix), we denote by fg

the expression defined by

fg

�� b2

�1
� g � b1

�1
.

Figure 1.16 is an illustration of both expressions.
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Fig. 1.16 – Two composites used in the image characterization.

E

K

b1

b2

f g f

b1

�1

b2

�1

fg g

m � n

Kp

E m � n

K Kp

We observe that g f is a mapping from m � n to Kp and that fg is a mapping from E

to K.

In the next proposition, we write simply g fI
 instead of g(fI)

 and Gfg
 instead of G(fg).

Proposition 1.9 (image characterization in terms of matrix) – Let E be the set of adjacent

squares arranged along m rows and n columns and let K be the gray–scale with p gray–lev-

els. The mapping I 
 g fI
 from �(E � K) to Kp

m�n
 is a bijection, its inverse is the map-

ping g 
 Gfg
. �

Proof – We observe that by construction g fI
 is an element of Kp

m�n
 and that Gfg

 is an ele-

ment of �(E � K). The mapping I 
 g fI
 from �(E � K) to Kp

m�n
 is the composite of the

bijection I 
 fI from �(E � K) to KE and of the bijection f 
 g f from KE to Kp

m�n
 (see

Exercise 1.29), consequently it is a bijection. Furthermore, g 
 fg is the inverse of f 
 g f

(see Exercise 1.29), and f 
 Gf is the inverse of I 
 fI (see Proposition 1.32). Thus

g 
 Gfg
 being the composite of g 
 fg and f 
 Gf, it is the inverse of I 
 g fI

 by Proposi-

tion 1.31. �

Figure 1.17 illustrates Proposition 1.9.

Fig. 1.17 – Image characterization in terms of matrix.

I 
 g fI

g 
 Gfg

�(E � K) Kp

m�n

1

22

1
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The mapping I 
 g fI
 is an elementary mathematical model for a scanner device

which transforms a digital image into a matrix. We will denote this first mapping by �.

Its inverse is an elementary mathematical model for a display device which transforms

a matrix into a digital image. We will denote this second mapping by �.

Figure 1.18 shows a scanner device � and a display device � in the case m � n � 3

and p � 4.

Fig. 1.18 – A scanner and a display device.


 � �

b1

b2
I 
 fI

I g fI
� �

b1

�1

b2

�1




f 
 Gf

�(E � K) KE K3�3 K4
3�3

K4
E

KE

I

�(E � K)

� �


 


Before ending this section, we want to explicit the relationship between images and

rectangular arrays of natural numbers of the previous section.

We first define two more mappings.

Let � be a mapping from �(E � Kp) to Kp

m�n
 defined by, for any array A of

�(E � Kp),

�(A)
�� fA

� b1,

where fA is the mapping from E to Kp defined by, for any x of E and k of Kp,

fA(x)
�� k iff x A k.

The mapping � transforms an array into a matrix.

Let � be a mapping from Kp

m�n
 to �(E � Kp) defined by, for any matrix g of Kp

m�n
,

�(g)
��G

g � b1
�1,

where Gg is the binary relation, between m � n and Kp, defined by

Gg

�� {((i, j), k) � (m � n) � Kk : k � g(i, j)}.
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The mapping � transforms a matrix into an array.

Proposition 1.10 (array characterization in terms of matrix) – Let E be the set of adjacent

squares arranged along m rows and n columns and let Kp be the interval of the first p natu-

ral numbers. The mapping � from �(E � Kp) to Kp

m�n
 is a bijection, its inverse is the

mapping �. �

Proof – The idea is to decompose � into two bijections. Let us divide the proof into four

main steps.

1. For any A in �(E � Kp), fA � Kp

E
 by definition of fA, and for any f in Kp

E
,

f � b1 � Kp

m�n
 by definition of b1 and composition. In other words, the composite of

A 
 fA and f 
 f � b1 is a mapping from �(E � Kp) to Kp

m�n
.

2. Let us prove that this composite is �. For any A in �(E � Kp),

(f 
 f � b1) � (A 
 fA)(A) � (f 
 f � b1)((A 
 fA)(A)) (composition definition)

� (f 
 f � b1)(fA) (mapping definition)

� fA
� b1 (mapping definition)

� �(A). (� definition)

3. By Proposition 1.32 A 
 fA is a bijection and f 
 Gf is its inverse. Let us prove

that f 
 f � b1 is also a bijection and g 
 g � b1

�1
 is its inverse. For any f in Kp

E
,

(g 
 g � b1

�1
) � (f 
 f � b1)(f) � (g 
 g � b1

�1
)((f 
 f � b1)(f)) (comp. definition)

� (g 
 g � b1

�1
)(f � b1) (mapping definition)

� (f � b1) � b1

�1
(mapping definition)

� f � (b1
� b1

�1
) (composition associativity)

� f, (b1 is a bijection)

that is, g 
 g � b1

�1
 is a left inverse of f 
 f � b1.

For any g in Kp

m�n
,

(f 
 f � b1) � (g 
 g � b1

�1
)(g) � (f 
 f � b1)((g 
 g � b1

�1
)(g)) (comp. definition)

� (f 
 f � b1)(g � b1

�1
) (mapping definition)

� (g � b1

�1
) � b1 (mapping definition)

� g � (b1

�1
� b1) (composition associativity)

� g, (b1 is a bijection)

that is, g 
 g � b1

�1
 is a right inverse of f 
 f � b1.

Therefore, by Proposition 1.28, f 
 f � b1 is a bijection and its inverse is

g 
 g � b1

�1
.
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4. Hence, by Proposition 1.31, � is a bijection as composite of two bijections and its

inverse is (g 
 g � b1

�1
) � (g 
 Gg). We just have to prove that this mapping is �. For

any g in Kp

m�n
,

(g 
 g � b1

�1
) � (g 
 Gg)(g) � (g 
 g � b1

�1
)((g 
 Gg)(g)) (comp. definition)

� (g 
 g � b1

�1
)(Gg) (mapping definition)

� G
g � b1

�1 (mapping definition)

� �(g). (� definition)

�

The composites � � � and � � � are mutually inverse and establish the relationship

between images an arrays as illustrated in Figure 1.19 where K is the gray–scale of Figure

1.2.

The composite � � � transforms an image into an array of natural numbers, and con-

versely, the composite � � � transforms an array into an image.

Fig. 1.19 –Relationship between an image and an array of natural numbers.

� �

�
�

�

0

0

0

0

0

0

3

0

0

0

0

0

1

1

1

0

0

1

0

1

0

0

1

1

1

�
�

�
� �

�(E � K) �(E � K4) �(E � K)

The pair consisting of the image I of Figure 1.5 and the array A of Figure 1.11 is an

example of a pair satisfying the equalities: A � (� � �)(I) and I � (� � �)(A).

Since � � � is a bijection, very often, no distinction will be made between an image

I and its representation by the array A � (� � �)(I). Abuse of notation will also occur in

that an array will often be called an image, and conversely, an image will often be called

an array.

From the definitions of �, �, � and �, we have for any image I and any array A:

(� � �)(A) � G
b2

�1
� fA

   and   (� � �)(I) � Gb2
� fI

 .

Exercise 1.11 (relationship between images and arrays) – Using the mapping of Fig-

ure 1.15 draw the image (� � �)(�
�

�

1

1

2

1

1

1

2

0

2

1

2

0

3

0

2

1

2

0

2

1

1

1

2

1

1

�
�

�
). �

Exercise 1.12 (relationship between images and arrays) – Using the mapping of Figure

1.15, write down the array (� � �)( ). �
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1.3   Some mathematical definitions and properties

To help the understanding of the definitions given in the previous sections, we recall some

important mathematical definitions such as set, ordered pair, Cartesian product, binary

relation, graph–of–a–mapping, mapping, bijection, composition, equivalence relation,

partial ordering, poset, chain, ordinal number, matrix, Hasse diagram, poset–isomorph-

ism, and we recall some of their properties.

Set

Intuitively, a set is any collection of objects called elements. It is denoted by writing

its elements between brackets, the order being meaningless. For instance, the set having

the two elements a and b is denoted by {a, b}. This intuitive definition of set will be suffi-

cient for the moment because all we will need are sets that can be seen as elements of other

sets. For an axiomatic definition of set, see Dugundji (1965, p. 17) or Mac Lane and Birk-

hoff (1967, p. 506).

Two elements a and b of a set are equal iff (if and only if) they are the same, we write

a � b. If two elements are not equal, we say that they are distinct.

We can extend the equality between elements to the equality between sets. Two sets

A and B are equal iff they have the same elements; we write A � B. For example the set

{a, b} and {a, b, b} are equal. To be equal, two (finite) sets must have the same number

of distinct elements, that is we can associate to each element of a set a different element

of the other set and conversely.

The set A is said to be included in B, or A is a subset of B iff the elements of A are

elements of B. We denote by �(B) the set of all subsets of a set B.

From the notion of set, we can define the notion of ordered pair.

Ordered pair and Cartesian product

Definition 1.13 (ordered pair) – The set {{a}, {a, b}} is called the ordered pair a and b,

in this order; it is denoted by (a, b). �

Following this definition, the ordered pair (b, a) is the collection {{b}, {a, b}}.

Hence, (a, b) � (b, a) iff a � b.

Furthermore, two ordered pairs (a, b) and (c, d) are equal iff a � c and b � d.

Definition 1.14 (Cartesian product) – Let A and B be two non–empty sets, the Cartesian

product of A and B is the set of the all ordered pairs (a, b) with a in A and b in B. The Carte-

sian product of A and B is denoted by A � B. �

From the notion of Cartesian product, we can define the notion of binary relation.

Binary relation and Graph–of–a–mapping

Definition 1.15 (binary relation) – Let A and B be two non–empty sets, a binary relation

R on A to B (or between A and B) is a subset of A � B. The expression “(a, b) belongs

to R” is written as a R b. �
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For example, the set of all ordered pairs (X1, X2) in �(A) � �(A) such that X1 is a

subset of X2 is a binary relation. It is denoted � and it is called inclusion.

We can represent a binary relation using a two–entries table. Each line of the table

corresponds to an element of A and each column to an element of B. In this table, we place

a � in the line a and the column b whenever a R b. In this way all the elements of R are

represented by all the � in the table. Figure 1.20 shows two binary relations.

Fig. 1.20 – Two binary relations.

a1 a2 a3

b1

b2

b3

R1

�

�

�

a1

a2

a3

b1 b2 b3 �R2

�

� �

Two binary relations, R1 between A and B, and R2 between B and A, are said mutually

converse iff

b R2 a iff a R1 b   (a � A and b � B).

The binary relations R1 and R2 of Figure 1.20 form an example of mutually converse

relations.

We now consider a particular class of binary relation. Actually, this class is introduced

here for the first time. This class is useful to define precisely what is a digital image.

Definition 1.16 (graph–of–a–mapping) – Let A and B be two non–empty sets. The binary

relation G on A to B is a graph–of–a–mapping on A to B, iff for each a in A, there exists

one b in B and only one, such that a G b. �

The binary relation R1 of Figure 1.20 is a graph–of–a–mapping but R2 is not.

We denote by �(A � B) the set of graph–of–a–mappings on A to B.

Related to the graph–of–a–mapping we have the notion of mapping, may be one of

the most basic in algebra. From it we establish relationships among sets.

Mapping

Definition 1.17 (mapping) – Let A and B be two non–empty sets. A mapping (or func-

tion) f with domain A and range (or codomain) B assigns to each element a of A a unique

element b of B. The element b is denoted by f(a) and called the value of f at a. A mapping

f from A to B is denoted by f : A � B. �

Let ba denote an expression depending on a. If ba belongs to B whenever a belongs

to A, then the correspondence a to ba defines a mapping from A to B that is denoted by

a 
 ba.

Figure 1.21 shows two graphical representations of a mapping f from A to B.

As a consequence of Definition 1.17, if a1 � a2 then f (a1) � f (a2). That is, by using

the notion of mapping, we can deduce an equality from another one.
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Fig. 1.21 – A mapping.

A B

f

a f (a)

f

A B

a f (a)

We call the set of mappings from A to B a mapping (or function) set, and we denote

it by BA.

Two mappings f and g are equal iff they have the same domain, range and values, i.e.,

f (a) � g(a) for every a in the domain.

For any non–empty set A, the identity mapping on A, denoted by 1A, is the mapping

from A to A which assigns each element of A to itself.

Let X be a subset of A. The image of X through a mapping f from A to B, denoted by

f(X), is a subset of B such that b belongs to it iff for some element a in X, f (a) � b, i.e.,

f (X)
�� {b � B : �a � X, f (a) � b}.

Figure 1.22 shows the image f(X) of a subset X through a mapping f.

Fig. 1.22 – Image of a set through a mapping.

A B

f

X f (X)

Here, the notion of image of a subset must not be mistaken with that of digital image

of Section 1.1.

Exercise 1.18 (properties of the image of a mapping) – Let f be a mapping from A to B.

Prove that for any subsets X1 and X2 of a set A,

X1 � X2 � f (X1) � f (X2)   and  f (X1 � X2) � f (X1) � f (X2),

where � denotes the intersection between subsets. �

Proof – Let us prove the first inclusion. For any b in B,

b � f (X1) � �a � X1, f (a) � b (image definition)

� �a � X2, f (a) � b (hypothesis)

� b � f (X2). (image definition)
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Let us prove the second inclusion. We observe that since X1 � X2 is a subset of X1 and

X2 we can apply the above result twice, hence, for any b in B,

b � f (X1 � X2) � b � f(X1)  and  b � f(X2) (above observation)

� b � f (X1) � f(X2). (intersection definition)

�

Let f be a mapping from A to B, the inverse image of a subset Y of B through f is the

subset of A denoted by f�1(Y) and defined by

f�1(Y)
�

� {a � A : f (a) � Y}.

Figure 1.23 shows the inverse image f�1(Y) of a subset Y through a mapping f.

Fig. 1.23 – Image inverse of a set through a mapping.

A B

f

f�1(Y) Y

Exercise 1.19 (inverse image property) – Let f be a mapping from A to B and let b be an

element of B. Prove that if a � f�1({b}) then f (a) � b. �

Some special mappings are called bijections.

Bijection and composition

A mapping f from A to B is injective  or an injection  iff for all a1 � A and a2 � A,

a1 � a2 implies f (a1) � f(a2).

A mapping f from A to B is surjective or a surjection iff the image of A through f is

B, i.e., f (A) � B.

A mapping f is bijective  or a bijection  iff it is injective and surjective.

The identity mapping is an example of bijection.

Injective and surjective mappings are dual concepts. This can be seen by using the

concept of mapping composition.

Definition 1.20 (composite of two mappings) – Let f be a mapping from A to B, and let

g be a mapping from B to C. The composite of f and g is the mapping from A to C, denoted

by g � f or gf, and given by, for any a of A,

(g � f)(a)
�� g(f (a)). �

Figure 1.24 shows two graphical representations of the composite of two mappings.
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Fig. 1.24 – Composite of two mappings.

A
f

g

B

C

g � f
f

A B

a f (a)

g

C

g(f (a))
g � f

From the definition of composite of two mappings, we can defined an operation be-

tween appropriate mappings, that we call the composition of mappings. Figure 1.25 shows

a graphical representation of the composition of mappings.

Fig. 1.25 – Composition of mappings.

�

f : A � B

g : B � C

g � f : A � C

The composition of mappings obeys the following laws. For any mappings f from A

to B, g from B to C, and h from C to D,

h � (g � f) � (h � g) � f (associativity)

f � 1A � f � 1B
� f. (identity law)

Exercise 1.21 (composition properties) – Prove the associativity and identity laws of the

composition. �

Solution – Let us prove the associativity law. For any a in A,

(h � (g � f)(a)) � h((g � f)(a)) (composition definition)

� h(g(f (a))) (composition definition)

� (h � g)(f (a)) (composition definition)

� ((h � g) � f)(a). (composition definition)

Let us prove the identity law. For any a in A,

(f � 1A)(a) � f (1A(a)) (composition definition)

� f (a) (identity mapping definition)

� 1A(f (a)) (identity mapping definition)

� (1A
� f)(a). (composition definition)

�
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Figure 1.26 shows three graphical representations of the composition associativity.

Fig. 1.26 – Composition associativity.
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� � �

fg

h h � g

The mapping composition is useful to define the dual concepts of left and right in-

verse mapping.

Definition 1.22 (left and right inverse mapping) – Let f be a mapping from A to B. A map-

ping g from B to A is a left inverse of f iff g � f is the identity mapping on A, that is,

g � f � 1A. It is a right inverse of f iff f � g is the identity mapping on B, that is,

f � g � 1B. �

The left side of Figure 1.27 shows a mapping g which is the left inverse of a mapping

f, the right side of the figure shows a mapping g which is the right inverse of a mapping

f.

The left and right inverse mapping concepts can be used to characterize the injections

and surjections.

Proposition 1.23 (first characterization of the injections and surjections) – A mapping is

an injection iff it has a left inverse, and a surjection iff it has a right inverse. �

For the proof, see Mac Lane & Birkhoff (1967, Theorem 1, p.9).

Alternatively, the injections and surjections can be characterized by using the con-

cepts of image and inverse image through a mapping.



 

Digital Image 19

Fig. 1.27 – Left and right inverses of a mapping.
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Proposition 1.24 (second characterization of the injections and surjections) – A map-

ping f from A to B is an injection iff, for any subset X of A, f�1(f (X)) � X, and a surjection

iff, for any subset Y of B, f (f�1(Y)) � Y. �

Proposition 1.24 is another way to see that the injections and the surjections are dual

concepts.

Exercise 1.25 (second characterization of the injections and surjections) – By using

Proposition 1.23, prove Proposition 1.24. �

Exercise 1.26 (surjection property) – Let f be a surjection from A to B, and let X be a sub-

set of A and Y a subset of B. Prove that, if f (X) � Y and f�1(Y) � X then f (X) � Y.�

We are now ready to introduce and characterize the notion of inverse mapping.

Definition 1.27 (inverse mapping) – Let f be a mapping from A to B. The mapping g from

B to A is a two sided–inverse, or simply an inverse, of f iff g is the left and right inverse

of f. �

Proposition 1.28 (characterization of the bijections) – Let f be a mapping from A to B.

The following statements are equivalent:

1. f is a bijection;

2. f has a left and a right inverse;

3. f has an inverse (a two–sided inverse).

When this is the case, any two inverses (left, right or two–sided) of f are equal. This unique

inverse of f, denoted by f�1, is a bijection from B to A and

(f�1)�1 � f. �

For the proof, see Mac Lane & Birkhoff (1967, Corollary, p. 10).

The last statement says that if g is the inverse of f, then f is the inverse of g. In this

case, we say that f and g are mutually inverse.
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Exercise 1.29 (bijection example) – Let b1 be a bijection from A to B, let f be a mapping

from B to C and let b2 be a bijection from C to D. Prove that the mapping F from CB to

DA defined by, for any f of CB,

F(f)
�� b2

� f � b1,

is a bijection and that its inverse G is defined by, for any g of DA,

G(g)
�� b2

�1
� g � b1

�1
. �

Exercise 1.30 (bijection property) – Let f be a bijection from A to B, and let X1 and X2

be two subsets of A. Prove that f (X1 � X2) � f (X1) � f (X2). �

If f is a bijection from A to B, then the image of any subset Y of B through its inverse

f�1 is equal to the inverse image of Y through f. This justifies the unique notation f�1(X)

for both concepts.

Proposition 1.31 (composition of bijections) – Let f be a bijection from A to B and let g

be a bijection from B to C, then g � f is a bijection from A to C and its inverse is the map-

ping f�1
� g�1 from C to A. �

For the proof, see Mac Lane & Birkhoff (1967, p. 10).

At this point, we can introduce the graph–of–a–mapping characterization in terms of

mappings.

Let G be a graph–of–a–mapping on A to B. For any a of A and b of B, we denote

by fG(a) the expression defined by

fG(a)
�� b iff a G b. (1.1)

Let f be a mapping from A to B. We denote by Gf the binary relation, between A and

B, defined by

Gf

�� {(a, b) � A � B : b � f (a)}. (1.2)

Proposition 1.32 (graph–of–a–mapping characterization in terms of mappings) – The

mapping G 
 fG from �(A � B) to BA is a bijection, its inverse is the mapping f 
 Gf.

�

Proof – Let us divide the proof into four main steps.

1. fG is a mapping from A to B since, G being a graph–of–a–mapping, for each a we

have one and only one b such that a G b, or equivalently, such that fG(a) � b.

2. f being a mapping from A to B, for each a of A, there is one and only one b such

that f (a) � b, or equivalently, such that (a, b) belongs to Gf, therefore Gf is a graph–of–

a–mapping on A to B.

3. Let G be a graph–of–a–mapping on A to B,

GfG
� {(a, b) � A � B : b � fG(a)} (definition of Gf)

� {(a, b) � A � B : a G b} (definition of fG)

� G (binary relation definition)

that is f 
 Gf is a left inverse of G 
 fG. Therefore, by Proposition 1.23, G 
 fG is an

injection.
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4. Let f be a mapping from A to B, for any a in A,

fGf
(a) � b   iff   a Gf b (definition of fG)

� b   iff   b � f (a) (definition of Gf)

� f (a)

that is, by mapping equality, fGf
� f. Consequently f 
 Gf is a right inverse of G 
 fG.

Therefore, by Proposition 1.23, G 
 fG is a surjection.

Hence, by definition, G 
 fG is a bijection and by Proposition 1.28 its inverse is

f 
 Gf. �

Gf is called the graph of the mapping f and can be read “is assigned by f to”.

For example, if b � f (a), then a “is assigned by f to” b.

Figure 1.28 illustrates Proposition 1.32.

Fig. 1.28 – Graph–of–a–mapping characterization.

G 
 fG

f 
 Gf

�(A � B) BA

Returning to the binary relations, we can defined two more classes.

Equivalence and partial ordering

When a binary relation is on A to itself, we say that the binary relation is on A.

A binary relation R on A is

reflexive  iff a R a for any a in A,

antireflexive  iff a R a for no a in A,

symmetric iff a R b implies that b R a for any a and b in A,

antisymmetric iff a R b and b R a implies that a � b for any a and b in A,

strictly antisymmetric iff a R b and b R a for no a and b in A,

transitive iff a R b and b R c implies that a R c for any a, b and c in A.

antitransitive  iff a R c implies that a R b and b R c for no b in A, and any a and c in A.

 For the antireflexivity definition see also Birkhoff, 1967, p. 20. The strict antisymme-

try and the antitransitivity are original definitions.

Let A be the points of a plan in which we have chosen an axe which we interpret as

showing the upward direction. We respect to this direction we can define a binary relation

on A called “is below”. We verify that this relation is strictly antisymmetric and transitive.

If a binary relation is strictly antisymmetric and transitive we says that it is of the type

“is below”.
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Exercise 1.33 (antireflexivity) – Prove that if a relation is strictly antisymmetric then it

is antireflexive. �

Exercise 1.34 (strict antisymmetry) – Prove that if a relation is antireflexive and transi-

tive then it is strictly antisymmetric. �

Solution – Let R be a binary relation on A. For any a and b in A, by transitivity of R, if

the assertion a R a is false then the assertion a R b and b R a is false. By antireflexivity

of R, the assertion a R a is always false, consequently for such R, the assertion a R b and

b R a is always false, in other words, the assertion a R b and b R a is true for no a and b

in A. �

Based on some of these properties, let us define two classes of binary relation. The

first class is that of equivalence relation.

Definition 1.35 (equivalence relation) – Let A be a non–empty set. A binary relation on

A which is reflexive, symmetric and transitive is called an equivalence relation.  �

The equality between elements of a set is an equivalence relation. The binary relation

� on the “set” whose elements are sets, defined by a � b iff “there exists a bijection

from a to b” is an equivalence relation.

The second class of binary relation is that of partial ordering or inclusion. Later on,

this binary relation will be used to introduce the Mathematical Morphology.

Definition 1.36 (partial ordering relation or inclusion) – Let A be a non–empty set. A

binary relation on A which is reflexive, antisymmetric and transitive is called a partial

ordering relation or inclusion relation.  �

A partial ordering is usually denoted by 	 and it is read “is less than or equal to” or

“is contained in”. Hence if a 	 b we say that a “is less than or equal to” b or a “is con-

tained in” b.

Exercise 1.37 (mutually converse partial orderings) – Let R1 and R2 be two mutually

converse relations. Prove that R1 is a partial ordering iff R2 is a partial ordering. �

The partial ordering concept leads up to the algebraic structure of partially ordered

set and chain.

Poset and chain

Definition 1.38 (partially ordered set) – A partially ordered set, or poset for short, is a

non–empty set on which a binary relation is defined which is a partial ordering. If A is the

set and 	 the partial ordering, then the poset is denoted by (A, 	). �

The set N of natural numbers with its usual partial ordering 	 is a poset.

Definition 1.39 (chain) – A poset (A, 	) is a chain iff for all a and b belonging to A,

either a 	 b or b 	 a. �

The poset (N, 	) of natural numbers is a chain.

Any subset X of a poset is itself a poset under the same ordering relation (restricted

to X) (Birkhoff, 1967, Theorem 1, p.2). Furthermore, any subset of a chain is a chain.

For example, the subset {1, 2} of N under the usual partial ordering 	 is a chain.
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A subset X of a poset A is a (closed) interval iff there exist two elements a and b in

A such that x belongs to X iff a 	 x 	 b. The elements a and b are elements of X, are

unique by the antisymmetry of 	, and are called, respectively, the left and right extremi-

ties of X. The subset X is denoted by [a, b].

From two posets we can create another poset as shown below.

The direct product of two posets (A, 	) and (B, 	) is the Cartesian product A � B

with the binary relation 	
�

 defined by, for any a and a� of A, and b and b� of B:

(a, b)	
�

(a�, b� )   iff   a 	 a� and b 	 b�.

The direct product of two posets is a poset. But the direct product of two chain is not

necessarily a chain.

For example, the direct product of ({1, 2}, 	) by itself is a poset but not a chain for

we have neither (1, 2)	
�

(2, 1) nor (2, 1)	
�

(1, 2).

Important examples of chain are the ordinal numbers.

Ordinal number and matrix

Let n be a non zero natural number (Mac Lane & Birkhoff 1967, p.35), the interval

n
�� [1, n] of natural numbers with the usual partial ordering 	 is a chain called ordinal

number (Birkhoff 1967, in Theorem 5, p.5). We shall often use n instead of (n, 	) if there

is no danger of misunderstanding. That is, in this case, n is an ordinal number.

A non–empty set A is finite if for some natural number n there exists a bijection from

n to A, that is, A � n. The natural number n is the number of elements of A, we denote

it by #A.

The direct product of two ordinal numbers m and n, that we shall denote by m � n

if there is no danger of misunderstanding, is an example of poset.

Let m and n be two non zero natural numbers, and let K be any non–empty set. A map-

ping from m � n to K is called a m � n matrix with entries in K. If A is a matrix, its entry

at (i, j) is denoted by a i j. Conversely, if a i j denotes the entry at (i, j) of a matrix, then the

matrix is denoted by [a i j].

When the entries are in the set R of real numbers, the matrix is called real. A 1 � n

matrix is called a row matrix, and a n � 1 column matrix.

Finite poset are conveniently graphically represented by its Hasse diagram.

Hasse diagram

In order to “visualize” a finite poset (A, 	), we draw its graph (Szász, 1971, p. 8)

or  Hasse diagram (Heijmans, 1994). To define such diagram it is worthful to introduce

two new binary relations on A which are one to one related with the partial orderings. We

call them strict inclusion and covering.
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Definition 1.40 (strict inclusion) – Let A be a non–empty set. A binary relation on A

which is antireflexive and transitive is called a strict inclusion relation.  �

A strict inclusion is usually denoted by � and it is read “is less than” or “is properly

contained in”. Hence if a � b we say that a “is less than” b or a “is properly contained

in” b.

Definition 1.41 (covering) – Let A be a non–empty set. A binary relation on A which is

strictly antisymmetric and antitransitive is called a covering relation.  �

A covering is usually denoted by 
 and it is read “covered by”, its converse is to be

read “covers”. Hence if a 
 b we say that a “is covered by” b or b “covers” a (Szász,

1971, p. 7).

Exercise 1.42 (strict inclusion property) – Prove that a strict inclusion is strictly antisym-

metric.  �

Solution – The property is a consequence of Exercise 1.34. �

Exercise 1.43 (strict inclusion property) – Let � be a strict inclusion on a finite set A.

Prove that, for any a and b in A,

�x : a � x � b �
�(x i) : a � x1 � ��� � xn � b

and
a � y1 � x1 � ��� � xn � yn�1 � b  for no (yi)

. �

Solution – Let x be one of the x i, then by transitivity of �, the second statement implies

the first one. To prove that the first statement implies the second one, we give below an

algorithm to compute the x i from x.

x1 � FIRST(a, x)

NEXT(x1, 1)

where the procedures FIRST and NEXT are defined below.

FIRST(x, y)
�?s : x � s � y

yes : return FIRST(x, s)
no : return y

NEXT(x, i)
y � FIRST(x, b)

y? � x
no : x i � y; NEXT(y, i � 1)

yes : return

The procedure FIRST(x, y) returns the element z, if it exists, such that x � z � y and

there is no s such that x � s � z, otherwise it returns y. The procedure NEXT(x, 1) finds

the elements x2, ... xn, if they exist, such that x � x2 � ��� � xn � b. �

We now state the relationships between partial ordering, strict inclusion and cover-

ing.

Let us consider first the relationship between partial ordering and strict inclusion

(Birkhoff, 1967, Lemma 1).

Let 	 be a partial ordering on A. For any a and b in A, we denote by a �	 b the ex-

pression given by

a �	 b
�

� a � b and a 	 b.



 

Digital Image 25

Let � be a strict inclusion on A. For any a and b in A, we denote by a 	� b the ex-

pression given by

a 	� b
�

� a � b or a � b.

Proposition 1.44 (characterization of the partial orderings in terms of strict inclu-

sions) – The mapping 	 
 �	 from the set of partial orderings to the set of strict inclu-

sions is a bijection and its inverse is � 
 	�. �

Proof – Let us divide the proof into four main steps.

1. Let 	 be a partial ordering on A, then�	 is a binary relation on A which is a strict

inclusion. The antireflexivity comes from the antireflexivity of the relation �. The transi-

tivity comes from the transitivity of 	.

2. Let � be a strict inclusion on A, then 	� is a binary relation on A which is a partial

ordering. The reflexivity comes from the reflexivity of the relation � and the transitivity

comes from the transitivity of � and �. The antisymmetry comes from the symmetry

of � and the strict antisymmetry of �. This last assertion, for example, can be proved

in the following way. For any a and b in A,

a 	� b
and

b 	� a
�

a � b or a � b
and

b � a or b � a
(definition of 	�)

�

a � b and b � a
or

a � b and b � a
or

a � b and b � a
or

a � b and b � a

(distributivity of “and” over “or”)

� a � b and b � a (strict antisymmetry of �)

� a � b. (symmetry of �)

3. Let 	 be a partial ordering on A. For any a and b in A,

a 	�	
b � a � b or a �	 b (definition of 	�)

� a � b or (a � b and a 	 b) (definition of �	)

�
a � b or a � b

and
a � b or a 	 b

(distributivity of “or” over “and”)

� a � b or a 	 b (a � b or a � b is always true)

� a 	 b, (reflexivity of 	)

that is, � 
 	� is a left inverse of 	 
 �	. Therefore, by Proposition 1.23

	 
 �	 is injective.
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4. Let � be a strict inclusion on A. For any a and b in A,

a �	�
b � a � b and a 	� b (definition of �	)

� a � b and (a � b or a � b) (definition of 	�)

�
a � b and a � b

or
a � b and a � b

(distributivity of “and” over “or”)

� a � b and a � b (a � b and a � b is always false)

� a � b, (antireflexivity of �)

that is, � 
 	� is a right inverse of 	 
 �	. Therefore, by Proposition 1.23

	 
 �	 is surjective.

Hence by definition, � 
 	� is a bijection and by Proposition 1.28 its inverse is

� 
 	�. �

Let us consider now the relationship between strict inclusion and covering.

Let � be a strict inclusion on A. For any a and b in A, we denote by a 
� b the ex-

pression given by

a 
� b
�

� a � b and a � x � b  for no x.

Let 
 be a covering on a finite set A. For any a and b in A, we denote by a �
 b

the expression given by

a �
 b
�

� a 
 b or �(xi) : a 
 x1 
 ��� 
 xn 
 b.

Proposition 1.45 (characterization of the strict inclusions in terms of the cover-

ings) – Let A be a finite set. The mapping � 
 
� from the set of strict inclusions on

A to the set of coverings on A is a bijection and its inverse is 
 
 �
. �

Proof – Let us divide the proof into four main steps.

1. Let � be a strict inclusion on A, then
� is a binary relation on A which is a cover-

ing. The strict antisymmetry comes from the strict antisymmetry of � (see Exercise

1.42). The antitransitivity comes from the transitivity of 	. This last assertion can be

proved in the following way. For any a and b in A,

a 
� b � a � b and a � x � b  for no x (definition of 
�)

� a � x � b  for no x (transitivity of �)

� a � y � x � z � b  for no x, y and z (a fortiori)

� a 
� x 
� b  for no x. (definition of 
�)

2. Let 
 be a covering on A, then �
 is a binary relation on A which is a strict inclu-

sion. The antireflexivity comes from the antireflexivity of the relation 
 (see Exercise

1.33). The transitivity comes from the fact that if a �
 b and b �
 c then there always

exists a family of element of A (this family contains at least the element b) in between a

and c (in the sense of 
), that is a �
 c.

3. Let � be a strict inclusion on A. For any a and b in A,
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a �
�
b � a 
� or �(x i) : a 
� x1 
� ��� 
� xn 
� b (definition of �
)

�

a � b and a � x � b  for no x
or

�(x i) : a � x1 � ��� � xn � b
and

a � y1 � x1 � ��� � xn � yn�1 � b  for no (yi)

(definition of 
�)

�
a � b or �(x i)���

and
a � x � b  for no x or �(x i)���

(distributivity of “or” over “and”)

�
a � b or �x : a � x � b

and
a � x � b  for no x or �x : a � x � b

(Exercise 1.43)

� (a � b or �x : a � x � b) and TRUE (incompatible statements)

� a � b or �x : a � x � b (TRUE is the unit element of “and”)

� a � b, (the second term implies the first one)

that is, 
 
 �
 is a left inverse of � 
 
�. Therefore, by Proposition 1.23

� 
 
� is injective.

4. Let 
 be a covering on A. For any a and b in A,

a 
�

b � a �
 b and a �
 x �
 b  for no x (definition of 
�)

�

a 
 b or �(xi) : a 
 x1 
 ��� 
 x l 
 b
and

(a 
 x or �(y j) : a 
 y1 
 ��� 
 ym 
 x
and

x 
 b or �(zk) : x 
 z1 
 ��� 
 zn 
 b)  for no x

(definition of �
)

�

a 
 b or �(xi) : a 
 x1 
 ��� 
 x l 
 b
and

(a 
 x 
 b
or

�(y j) : a 
 y1 
 ��� 
 ym 
 x 
 b
or

�(zk) : a 
 x 
 z1 
 ��� 
 zn 
 b
or

�(y j)(zk) : a 
 y1 
 ��� 
 x 
 z1 
 ��� 
 zn 
 b)  for no x

(distribut.)

�
a 
 b and (a 
 x ���) for no x

or
�(x i) : a 
 x1 
 ��� 
 x l 
 b and (a 
 x ���)  for no x

(distribut.)

�
a 
 b

or
�(x i) : a 
 x1 
 ��� 
 x l 
 b and (a 
 x ���)  for no x

(antitransitiv.)

� a 
 b or FALSE, (incompatible statements)

� a 
 b, (FALSE is the unit element of “or”)

that is, 
 
 �
 is a right inverse of � 
 
�. Therefore, by Proposition 1.23

� 
 
� is surjective.
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Hence by definition, � 
 
� is a bijection and by Proposition 1.28 its inverse is


 
 �
. �

By combining the above both characterizations we can state a new characterization

of the partial orderings in terms of the coverings.

Let 	 be a partial ordering on A. For any a and b in A, we denote by a 
	 b the ex-

pression given by

a 
	 b
�

� a � b and a 	 b and a 	 x 	 b for no x � a or b.

Let 
 be a covering on a finite set A. For any a and b in A, we denote by a 	
 b

the expression given by

a 	
 b
�

� a � b or a 
 b or �(xi) : a 
 x1 
 ��� 
 xn 
 b.

Proposition 1.46 (characterization of the partial orderings in terms of the cover-

ings) – Let A be a finite set. The mapping 	 
 
	 from the set of strict inclusions on

A to the set of coverings on A is a bijection and its inverse is 
 
 	
. �

Exercise 1.47 (characterization of the partial orderings in terms of the cover-

ings) – Prove Proposition 1.46. Hint: prove that 	 
 
	 is the composition of

	
�	 and �

�, and apply Propositions 1.44, 1.45 and 1.31. �

 Figure 1.29 illustrates the characterizations given in Propositions 1.44 and 1.46.

Fig. 1.29 – Partial ordering characterizations.

	
�	

�
	�

partial orderings

�

�



�


strict inclusions coverings

	

	



	


If 	, � and 
 are, respectively, a partial ordering, a strict inclusion and a covering

on the same set A and are in a mutual one–to–one relationship, then we have,

a 
 b � a � b � a 	 b,

in other words,


���	.

From Exercise 1.34, we observe that a strict inclusion is a binary relation of the type

“is below”.

If (A, 	) is a finite poset then we call (A, 
	) its graph.
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Since �	 is of the type “is below”, the graph of a finite poset (A, 	) can be repre-

sented graphically by drawing its elements as small circles, placing a below b whenever

a �	 b, and drawing a line segment connecting them, whenever a 
	 b. The resulting

figure is called the Hasse diagram of (A, 	). Figure 1.30 shows the Hasse diagrams of

four posets.

Fig. 1.30 – Hasse diagrams of four posets.

For example, the first Hasse diagram in this figure is the graph of the direct product

of ({1, 2}, 	) by itself if we named the small circles as in Figure 1.31.

Fig. 1.31 – Hasse diagram of the direct product of a two–elements chain.

(2, 2)

(1, 1)

(1, 2) (2, 1)

Exercise 1.48 (partial order of a poset and covering of the graph of a poset) – Draw the

table given the partial order of the poset which graph is shown in Figure 1.31. Draw the

table given the covering of its graph. �

Solution – The left table in Figure 1.32 represents the partial order of the poset which

graph is shown in Figure 1.31. The right table in Figure 1.32 represents the covering of

its graph.

Fig. 1.32 – Partial order and covering.

(1, 1)

� � � �

��

�

�

(1, 2) (2, 1) (2, 2)

(1, 1)

(1, 2)

(2, 1)

(2, 2)

�

(1, 1)

� �

�

(1, 2) (2, 1) (2, 2)

(1, 1)

(1, 2)

(2, 1)

(2, 2)

�

�
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Exercise 1.49 (partial order of a poset and covering of the graph of a poset) – Draw the

table given the partial order of the poset which graph is the third one (from left to right)

shown in Figure 1.30. Draw the table given the covering of its graph. Hint: give a letter

to each of the small circles. �

Returning to the bijection and poset notions, we recall the notion of poset–isomorph-

ism.

Poset–isomorphism

We now give the definitions of increasing and decreasing mappings, and of poset–iso-

morphism and of poset–dual–isomorphism.

Let (A, 	) and (B, 	) be two posets. A mapping f is increasing (or isotone, or a po-

set–morphism) iff for any a and a� in A,

a 	 a� � f (a) 	 f (a� );

it is decreasing (or antitone) iff for any a and b in A1,

a 	 a� � f (a� ) 	 f (a).

Definition 1.50 (poset–isomorphism and poset–dual–isomorphism) – Let (A, 	) and

(B, 	) be two posets. A poset–isomorphism f from A to B is a bijection which is order–

preserving, that is, f and its inverse are increasing. A poset–dual–isomorphism f from A

to B is a bijection which is order–reversing, that is, f and its inverse are decreasing. �

Two posets are poset–isomorphic iff there exists a poset–isomorphism between them.

The binary relation “is poset–isomorphic to” defined on the set whose elements are

posets is an equivalence relation.

Figure 1.33 shows two bijections. On the left hand side the bijection is a poset–iso-

morphism. On the right hand side the bijection is not a poset–isomorphism.

Fig. 1.33 – Poset–isomorphism and none poset–isomorphism.

Exercise 1.51 (equivalent definition of a poset–isomorphism) – Let (A, 	) and (B, 	)

be two posets. Prove that a bijection f from A to B is a poset isomorphism iff for any a and

a� in A,

a 	 a� � f (a) 	 f (a� ). �

Proposition 1.52 (finite chain) – Any finite chain with n elements is poset–isomorphic

to the ordinal number n. �

For the proof see Birkhoff (1967, Theorem 5, p.5); Mac Lane & Birkhoff (1967, Prop-

osition 2, p.483).

There is only one way to build a poset–isomorphism between two isomorphic finite

chains. In other words, this isomorphism is unique.


