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Preface

The objects like digital image, scanner, display, look—up—table, filter that we deal with
in digital image processing can be defined in a precise way by using various algebraic
concepts such as set, Cartesian product, binary relation, mapping, composition, opera-
tion, operator and so on.

The useful operations on digital images can be defined in terms of mathematical prop-
erties like commutativity, associativity or distributivity, leading to well known algebraic
structures like monoid, vector space or lattice.

Furthermore, the useful transformations that we need to process the images can be
defined in terms of mappings which preserve these algebraic structures. In this sense, they
are called morphisms.

The main objective of this book is to give all the basic details about the algebraic ap-
proach of digital image processing and to cover in a unified way the linear and morpholog-
ical aspects.

With all the early definitions at hand, apparently difficult issues become accessible.

Our feeling is that such a formal approach can help to build a unified theory of image
processing which can benefit the specification task of image processing systems.

The ultimate goal would be a precise characterization of any research contribution
in this area.

This book is the result of many years of works and lectures in signal processing and
more specifically in digital image processing and mathematical morphology. Within this
process, the years we have spent at the Brazilian Institute for Space Research (INPE) have
been decisive.

This second edition contains many small improvements which are the result of our
teaching experience at INPE during the years of 1998, 1999 and 2000. The major of them
are the intoduction of poset graphs which give a better foundation to the Hasse diagram
in Chaper 1 and the introduction of two types of window operators in Chapter 4.

Sdo José dos Campos, July 2000.

Gerald Jean Francis Banon
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Chapter 1

Digital image

The digital images are the first objects to be dealt with in image processing. In this chap-
ter, we restrict ourselves to the case of the gray-level images. This case includes the
binary and black—and—white images.

The next section provides the precise definition of pixel (picture element). As will
be seen, this definition precede the definition of image.

1.1 Image definition

We begin introducing two different sets of elements which will enter in the gray—level
image definition.

The first set, that we denote by E, is a set of adjacent squares arranged along a certain
number of rows and columns, and forming a rectangular surface (here we will not try to
formalize the concepts of square, row and column, we just accept them as geometrical
features). The squares are distinguished by their position.

Figure 1.1 shows a set of 110 squares arranged along 10 rows and 11 columns. A small
* has been drawn in each square to indicate that it is not white colored.

The second set, that we denote by K, is a set of gray—levels. We call it gray—scale.
Figure 1.2 shows a gray—scale with 4 gray—levels.

Definition 1.1 (pixel) — A gray square or picture—element or pixel for short, located in E
and with a gray-level in K, is an element of the Cartesian product (see Definition 1.14)
of E and K. O
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SR =]
XXX XXX XX XX
X [ [ <X [
XXX XXX X[

Fig. 1.1 — A set of squares.

K= 0000

Fig. 1.2 — A gray-scale.

Figure 1.3 shows the Cartesian product E X K where E is the set of squares shown
in Figure 1.1 and K is the gray—scale shown in Figure 1.2.

EXK = X @000

SRR XX XXX X<
S [ [
XXX XX XXX
XXX XX XXX
XXX XXX X[ X
XXX XXX X[ X
XXX XX XXX [X][X
S I [ %[

Fig. 1.3 — Cartesian product of a set of squares and a gray—scale.

By definition of the Cartesian product, a gray square or pixel located in E and with
a gray-level in K is an ordered pair (x, s) whose elements are a (non colored) square x of
E and a gray-level s of K. Sometimes, we say that x is the pixel location in E.

Figure 1.4 shows two graphical representations of a certain pixel (x, s) of the Carte-
sian product E X K shown in Figure 1.3.

(x,5) = ( > Q) or (x5 =

Fig. 1.4 — A pixel.

Here, we must distinguish between a square and a pixel: a square does not have any
color (even black or white) as opposed to a pixel which is a gray colored square.

Definition 1.2 (digital gray—level image) — A digital gray—level image or simply a gray—
level image or image with domain E and gray-scale K, is a graph-of-a—mapping on £
to K (see Definition 1.16). O
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In other words (see Definition 1.16), an image / with domain E and gray—scale K is
a subset of pixels located in E and with gray—levels in K such that each square of E is col-
ored with one and only one gray-level of K. Using the mathematical notation, we write

I € G(E XK).
An element p of E X K is a pixel of I iff (if and only) if p € L.

Figure 1.5 shows an image I having as domain E the set of squares shown in Figure
1.1 and as gray—scale K the set of gray—levels shown in Figure 1.2.

Fig. 1.5 — An image.

If the number of rows of E is m and the number of columns is #, then the image and
its domain are said to be of size m by n, or simply is m by n. Sometimes, the expression
m by n is written m X n.

The image of Figure 1.5 is of size 10 by 11.

Two images with the same domain and the same gray—scale are said to be equal if they
have the same pixels.

As a direct consequence of the image definition, we can make the following observa-
tions.

On one hand, an image / on E to K is necessarily a subset of £ X K. Figure 1.6 illus-
trates this point for the image of Figure 1.5. In other words, I is a binary relation on E to
K (see Definition 1.15). As a relation, I is read “is colored with”.

On the other hand, not all subset of £ X K is an image on E to K. A necessary condi-
tion for asubset X of E X K to be an image is that the number of pixels of X must be equal
to the number of elements of E, but this is not a sufficient condition.

x @000

XXX XXX X]X

XXX XXX XX

X[X]X]
X[X[x]
XXX
X[x[x]
XXX
X[x[x]
X[x[X]
X[X[x]
XXX
X[x[x]

XXX XX

XTXX]X[X
X[ X[X[X[X
X[X[X[X[X
X[ X[X[x[X
X[X[X[X[X
X[ X[X[x[X
X[X[X]X[X
X[ X[X[X[X
X[X[X[X[X
X[ x[Xx[x[x

Fig. 1.6 — An image as a subset of a Cartesian product.

Figure 1.7 shows a subset of the Cartesian product of a set of 9 squares and a gray—
scale with 4 gray—levels which is an image since this subset is a graph—of—a—mapping.
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= e 8 ) [y B xS
Fig. 1.7 — A Cartesian product subset which is an image.

Exercise 1.3 (image) — Does the subset of Figure 1.8 form an image on the set of 9
squares to the gray—scale with 4 gray—levels? Explain your answer. If so, draw the image.
O

o)
(ELE LR ) (o] [ [a] L e & x e
Fig. 1.8 — A Cartesian product subset.

Exercise 1.4 (image) — Does the subset of Figure 1.9 form an image on the set of 9
squares to the gray—scale with 4 gray—levels? Explain your answer. If so, draw the image.
O

OV 8 D B xS
Fig. 1.9 — A Cartesian product subset.

Exercise 1.5 (image) — Does the subset of Figure 1.10 form an image on the set of 9
squares to the gray—scale with 4 gray—levels? Explain your answer. If so, draw the image.
O

U OB )08 03 60 () [ < B

Fig. 1.10 — A Cartesian product subset.

[ JoJeole)

An image is a graph—of—a—mapping, but not every graph—of—a—mapping is an image.
When we refer to an image, we must consider the properties of E and K. Some graph—of—
a—mappings have the same nature of the images.

Before ending this section, we want to point out the analogy between the definition
of gray—level image and the definition of rectangular array of natural numbers or simply
numerical array.

We denote by K' an interval of natural numbers and we consider the set K’ in place
of the gray—scale K.
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We call numbered square or array—element located in E and with a number in K', an
element of the Cartesian product of E and K'. In other words, an array—element located
in E and with a number in K is an ordered pair (x, s) whose elements are a (non numbered)
square x of E and a number s of K'.

A rectangular array of natural numbers or numerical array with domain E with m
rows and n columns, and with an interval K' (of natural numbers), is a graph—of-a—map-
ping on E to K'.

In other words, a numerical array with domain E and interval K’ is a subset of array—
elements located in E and with numbers in K’ such that each square of E is numbered with
one and only one number of K'. Using the mathematical notation, we write
AEGE XK.

Figure 1.11 shows a numerical array A having as domain E the set of squares shown
in Figure 1.1 and as interval of natural numbers the set {0, 1, 2, 3}. In this figure the square
edges have been omitted instead two square braces have been used to group the array ele-
ments.

coocoocoocoococoo
SO == === =00
SO == === —00
SO ==~ WwWWwe~=r—oo
SO WWWW—OoOo
SO == === =00
co~ococoo~o0oO
coocoocoocoococoo
coococoocoococoo

=

Il
cCoocoocoococo oo
CooO0O =~ —QOo —~0Q

Fig. 1.11 — A numerical array.

In the next section we will show the relationship between images and rectangular ar-
rays of natural numbers.

1.2 Image characterization

In this section we introduce several image characterizations, the more important one be-
ing the characterization in terms of matrix. This characterization will lead to the notions
of scanner device and display device. First, we introduce the characterization in terms of

mapping.

By the graph—of-a—mapping characterization (see Proposition 1.32), we can assign,
in a bijective way, to each image / on E to K, the mapping f;from E to K (see Expression
(1.1) in Section 1.3) defined by, for any x of E and s of K,

fix) & s iff x1s.
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Figure 1.12 illustrates, by mean of block diagrams, the image characterization in
terms of mapping.

I Ji I f Gy b

G(E X K) KE G(E X K) KE G(E X K) KE
Gr—fs =G =G Gr—fs

Fig. 1.12 — Image characterization in terms of mapping.

Since I — f;is a bijection, very often, no distinction will be made between an image
I and its representation by the mapping f,. Abuse of notation will also occur in that a map-
ping will often be called an image, and conversely, an image will often be called a map-
ping and denoted by f.

The elements of G, (see Expression (1.2) in Section 1.3) are of the form (x, f(x)).
Hence, by abuse of notation, we say that they are pixels of f.

From the characterization in terms of mapping, we can introduce the characterization
in terms of matrix. Actually, to do that, we need to consider some algebraic properties of
the image domain and gray—scale.

With respect to an image, it is possible to identify two binary relations, one defined
on the set E of adjacent squares and an another one defined on the gray—scale K.

On the set E of squares, we can define the binary relation: “is ((on the same row as)
or (on a row above the row of)) and ((on the same column as) or (on a column to the left
of the column of))”.

This binary relation is a partial ordering (see Definition 1.36). When no confusion is
likely to arise, we will denote it by =.

Figure 1.13 shows four squares, called a, b, ¢ and d, in a set of squares with four rows
and four columns. Following the above definition for =, the expression a < b is true,

but both expressions ¢ < d and d =< c are false. We say that a and b can be compared
but ¢ and d not.

/\
a XXX % ¢
MBI b
XXX
_/
XX XX

Fig. 1.13 — Four squares in a set of squares.

We observe that on the set E of squares, the binary relations: “is (on the same row as)
or (on a row above the row of)” and “is (on the same column as) or (a column to the left
of the column of)” are reflexive and transitive but not anti—symmetric.
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Exercise 1.6 (partial ordering on the squares) — Prove that the binary relation “is ((on the
same row as) or (on a row above the row of)) and ((on the same column as) or (on a column
to the left of the column of))” defined on the set E of squares is a partial ordering. O

Solution — First, two identical squares are on the same row and column, that is, the reflex-
ive condition is satisfied; second, if a square a “is ((on the same row as) or (on a row above
the row of)) and ((on the same column as) or (on a column to the left of the column of))”
a square b and conversely, then the square a must be on the same row and column as the
square b, in other words, they are identical, that is, the antisymmetry condition is satisfied;
third, the relations between the squares: “is (on the same row as) or (on a row above the
row of)” and “is (on the same column as) or (a column to the left of the column of)” are
transitive, consequently their intersection (set intersection) is also transitive, that is, the
transitivity condition is satisfied. O

Hence, the set E of adjacent squares arranged along rows and columns with its binary
relation is a poset (see Definition 1.38).

On the set K of gray levels we can define the binary relation: “is darker or equal than”.

This binary relation is a partial ordering. When no confusion is possible, we will de-
note it by <. Hence, the gray—scale K with this binary relation is another poset.

Unlike the set E, the gray—scale K with its binary relation is a chain (see Definition
1.39).

Between the rows and columns of squares of E, we can identify, respectively, the
binary relations “is (identical to) or (above)” and “is (identical to) or (on the left of)”.

With these binary relations, the set of rows and the set of columns form two chains.

From Proposition 1.52, each of these two chains are poset—isomorphic to some ordi-
nal number, so we can refer to the “first”, the “second” ... row and column of the image
domain.

This leads up to the following algebraic property of an image domain.

Proposition 1.7 (image domain property) — A set E of adjacent squares arranged along
m rows and n columns, with the partial ordering “is ((on the same row as) or (on a row
above the row of)) and ((on the same column as) or (on a column to the left of the column
of))” is poset—isomorphic to the direct product m X n of the ordinal number m with the
ordinal number n. O

Proof — We have to show the existence of a bijection between the set E of the squares and
the direct product m X n, which is order—preserving. Let us consider the mapping that
assigns to the square at the i row and the j™ column the pair (i, j). By construction, this
mapping is a bijection from £ to m X n, in other words, E = (m X n). Furthermore, if,
under this mapping, a square a maps to (i, j) and a square a’ maps to (i, ') then the square
a “is ((on the same row as) or (on a row above the row of)) and ((on the same column as)
or (on a column to the left of the column of))” the square a' if and only if (i,j) < (’',j").

O

Since there is only one poset—isomorphism from m X n to (E, <) we can give ita
name. We will denote it by b,. Figure 1.14 shows the poset—isomorphism b, for a 2 by
2 image domain. We observe that this mapping preserve the ordering.
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N

b;: 2x2={(1,1),1,2),2,1),2,2)} — ( , <)

T

Fig. 1.14 — The poset—isomorphism for an image domain.

In relation to a gray—scale, we can identify a similar algebraic property. Let K, be the
interval [0,p — 1] of the first p natural numbers.

Proposition 1.8 (gray—scale property) — A gray—scale K with p gray levels, with the par-
tial ordering “is darker or equal than” is poset—isomorphic to the interval K, of the first
p natural numbers with the usual partial ordering. O

Proof — The interval K, of the first n natural numbers with the usual partial ordering, and
a gray—scale K with p gray levels, with the partial ordering “is darker or equal than™ are
both poset—isomorphic to the ordinal number p (see Proposition 1.52). Therefore, the
proposition is a consequence of the transitivity of the binary relation “is poset—isomorphic
to”. O

Since there is only one poset—isomorphism from (K, <) to (K,, <), we can give it
a name. We will denote it by b,. Figure 1.15 shows the poset—isomorphism b, for a gray—
scale with 4 gray levels. We observe that this mapping preserve the ordering.

b2: ({.,0’0’0}7 S) — ({07 17273}7 S)

N

Fig. 1.15 — The poset—isomorphism for a gray—scale.

We are now ready to establish the image characterization in terms of matrix.

Let f be a mapping from E to K (we recall that such f may characterize an image on
E to K), we denote by g,the expression defined by

A
g =byofob,.

Let g be a mapping from m X n to K, (g can be seen as a matrix), we denote by f,
the expression defined by

fgébz logoblil.

Figure 1.16 is an illustration of both expressions.
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b, b,
E -~ m X n E —_— m X n
f J l 8 fg t J 8
K — K K <— K
b, b,

Fig. 1.16 — Two composites used in the image characterization.

We observe that g,is a mapping from m X n to K, and that f, is a mapping from E
to K.

In the next proposition, we write simply 8y, instead of 8¢y and Gy, instead of G,

Proposition 1.9 (image characterization in terms of matrix) — Let E be the set of adjacent
squares arranged along m rows and n columns and let K be the gray—scale with p gray—lev-

els. The mapping I — 8y, from G(E X K) to Kmen is a bijection, its inverse is the map-
ping g — Gfg. 0

Proof — We observe that by construction 8y, is an element of K| ],mX" and that G, is an ele-
ment of G(E X K). The mapping [ — 8y, from G(E X K)to Kmen is the composite of the

bijection I — £, from G(E X K) to K* and of the bijection f+> g, from K*to K," " (see
Exercise 1.29), consequently it is a bijection. Furthermore, g — f,is theinverse of f — g,
(see Exercise 1.29), and f— G is the inverse of I — f; (see Proposition 1.32). Thus
g = Gy, being the composite of g > f, and f+> Gy itis the inverse of / +— gf[by Proposi-
tion 1.31. O

Figure 1.17 illustrates Proposition 1.9.

— A
I'—gp
1

Q(E % K) Kpmxn

1
g Gy,

Fig. 1.17 — Image characterization in terms of matrix.
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The mapping I — 8y, is an elementary mathematical model for a scanner device
which transforms a digital image into a matrix. We will denote this first mapping by a.
Its inverse is an elementary mathematical model for a display device which transforms
a matrix into a digital image. We will denote this second mapping by .

Figure 1.18 shows a scanner device a and a display device 8 inthe case m = n = 3
and p = 4.

P
3, SR
B W, b Bl
1 8y, /]\ 1
—

O /O\ \?/ O —>
(j(E x K) KE K3><3\|-/ K43><3 K4E KE Q(E x K)
1 ﬁf‘l bz N : b -1 ‘QfH Gf
2 Q
.Q / 3 i : / Q
QQ b3

Fig. 1.18 — A scanner and a display device.

Before ending this section, we want to explicit the relationship between images and
rectangular arrays of natural numbers of the previous section.

We first define two more mappings.

mXn

Let A be a mapping from G(E X K,) to K,
GE X K,),

defined by, for any array A of

MA) £ fioby,
where f, is the mapping from E to K, defined by, for any x of E and k of K,

i) 2k iff XAk

The mapping A transforms an array into a matrix.

mXn

Let 1 be a mapping from K ],mX" to G(E X K, defined by, for any matrix gof K, ",
A
/u(g) - GgOblil’
where G, is the binary relation, between m X n and K,,, defined by

G, = (i), k) € (m x m) X K, : k = g(ir))}.
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The mapping ¢ transforms a matrix into an array.
Proposition 1.10 (array characterization in terms of matrix) — Let E be the set of adjacent
squares arranged along m rows and n columns and let K, be the interval of the first p natu-
ral numbers. The mapping A from G(E X K,) to Kmen is a bijection, its inverse is the
mapping u. U
Proof — The idea is to decompose A into two bijections. Let us divide the proof into four
main steps.

1. For any A in G(E X K)), f4 € KI,E by definition of f,, and for any f in KI,E,
fob, € Kmen by definition of b, and composition. In other words, the composite of

mXn

A~ f,and f~ fo b, is a mapping from G(E X K,) to K, .
2. Let us prove that this composite is A. For any A in G(E X K,),
(fr>fob)oA—f)A) = (f—>fob)(A — f)(A)) (composition definition)

= (f=>fob)(fy) (mapping definition)
= faob (mapping definition)
= A(A). (A definition)

3. By Proposition 1.32 A + f, is a bijection and f+ G,is its inverse. Let us prove

that f+ fo b, is also a bijection and g — g o b, ~'is its inverse. For any fin K,,E,

(g gob, No(f=>fob)() = (g=>gob, N fob)() (comp. definition)

= (gr—>gob, 71)(fo b)) (mapping definition)
= (fob)ob, (mapping definition)
= fo(b,ob, 71) (composition associativity)
= f, (b, is a bijection)

that is, g > go bfl is a left inverse of f+> fo b,.

mXn

Forany gin K, ",

(fr>fob)o(gr>gob, )g) = (f>fob)(g—gob, )g))(comp. definition)

= (f—>fob)(gob, ) (mapping definition)
= (gob, “Yob, (mapping definition)
= go (b, o b)) (composition associativity)
=g (b, is a bijection)

that is, g — g o b, isa right inverse of f+~ fo b,.
Therefore, by Proposition 1.28, fr~>fob, is a bijection and its inverse is

g>gob, .
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4. Hence, by Proposition 1.31, 4 is a bijection as composite of two bijections and its
inverse is (g = go b, 71) o (g — G,). We just have to prove that this mapping is u. For

. X
any gin K,""",

(g g0ob, No(g—>G(g) = (g gob, Mg~ G(g) (comp. definition)

= (g—>gob 71)(Gg) (mapping definition)

= Gg yo o1 (mapping definition)
°0

= u(g). (u definition)

O

The composites ¢ o a and f oA are mutually inverse and establish the relationship

between images an arrays as illustrated in Figure 1.19 where K is the gray—scale of Figure
1.2.

The composite u o a transforms an image into an array of natural numbers, and con-
versely, the composite oA transforms an array into an image.

00000
03000
00101
00111
a u A B
GE X K) GE X Ky GE X K)

Fig. 1.19 —Relationship between an image and an array of natural numbers.

The pair consisting of the image 7 of Figure 1.5 and the array A of Figure 1.11 is an
example of a pair satisfying the equalities: A = (u o @)(I) and I = (B o A)(A).

Since u o a is a bijection, very often, no distinction will be made between an image
I and its representation by the array A = (u o a)(I). Abuse of notation will also occur in
that an array will often be called an image, and conversely, an image will often be called
an array.

From the definitions of a, 3, A and i, we have for any image I and any array A:
Bob@) =G, and @woa)D) =Gy,

Exercise 1.11 (relationship between images and arrays) — Using the mapping of Fig-

1
1
ure 1.15 draw the image (B o A)(]2
1
1

—_N o N =
N O WO N
—_N o N =

1
1
2|). O
1
1

Exercise 1.12 (relationship between images and arrays) — Using the mapping of Figure

1.15, write down the array (u o a)(ﬁ ). O
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1.3 Some mathematical definitions and properties

To help the understanding of the definitions given in the previous sections, we recall some
important mathematical definitions such as set, ordered pair, Cartesian product, binary
relation, graph—of—a—mapping, mapping, bijection, composition, equivalence relation,
partial ordering, poset, chain, ordinal number, matrix, Hasse diagram, poset—isomorph-
ism, and we recall some of their properties.

Set

Intuitively, a set is any collection of objects called elements. It is denoted by writing
its elements between brackets, the order being meaningless. For instance, the set having
the two elements a and b is denoted by {a, b}. This intuitive definition of set will be suffi-
cient for the moment because all we will need are sets that can be seen as elements of other
sets. For an axiomatic definition of set, see Dugundji (1965, p. 17) or Mac Lane and Birk-
hoff (1967, p. 506).

Two elements a and b of a set are equal iff (if and only if) they are the same, we write
a = b. If two elements are not equal, we say that they are distinct.

We can extend the equality between elements to the equality between sets. Two sets
A and B are equal iff they have the same elements; we write A = B. For example the set
{a, b} and {a, b, b} are equal. To be equal, two (finite) sets must have the same number
of distinct elements, that is we can associate to each element of a set a different element
of the other set and conversely.

The set A is said to be included in B, or A is a subset of B iff the elements of A are
elements of B. We denote by P(B) the set of all subsets of a set B.

From the notion of set, we can define the notion of ordered pair.

Ordered pair and Cartesian product
Definition 1.13 (ordered pair) — The set {{a}, {a, b}} is called the ordered pair a and b,
in this order; it is denoted by (a, b). O

Following this definition, the ordered pair (b, a) is the collection {{b}, {a, b}}.
Hence, (a,b) # (b,a)iff a = b.

Furthermore, two ordered pairs (a, b) and (c, d) are equal iff a = cand b = d.

Definition 1.14 (Cartesian product) — Let A and B be two non—empty sets, the Cartesian
product of A and B is the set of the all ordered pairs (a, b) withain A and b in B. The Carte-
sian product of A and B is denoted by A X B. O

From the notion of Cartesian product, we can define the notion of binary relation.
Binary relation and Graph—of-a—mapping

Definition 1.15 (binary relation) — Let A and B be two non—empty sets, a binary relation
R on A to B (or between A and B) is a subset of A X B. The expression “(a, b) belongs
to R” is written as a R b. O
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For example, the set of all ordered pairs (X, X,) in P(A) X P(A) such that X, is a
subset of X, is a binary relation. It is denoted C and it is called inclusion.

We can represent a binary relation using a two—entries table. Each line of the table
corresponds to an element of A and each column to an element of B. In this table, we place
a X in the line a and the column b whenever a R b. In this way all the elements of R are
represented by all the X in the table. Figure 1.20 shows two binary relations.

R,| b, | b, | by R, | a,| a,| a;
a, | X b,
a, X b, X | X
a, X b,

Fig. 1.20 — Two binary relations.

Two binary relations, R, between A and B, and R, between B and A, are said mutually
converse iff

bR,aiffa R,b (a € Aand b € B).

The binary relations R, and R, of Figure 1.20 form an example of mutually converse
relations.

‘We now consider a particular class of binary relation. Actually, this class is introduced
here for the first time. This class is useful to define precisely what is a digital image.

Definition 1.16 (graph—of-a—mapping) — Let A and B be two non—empty sets. The binary
relation G on A to B is a graph—of—a—mapping on A to B, iff for each a in A, there exists
one b in B and only one, such that a G b. O

The binary relation R, of Figure 1.20 is a graph—of—a—mapping but R, is not.
We denote by G(A X B) the set of graph—of—a—mappings on A to B.

Related to the graph—of—a—mapping we have the notion of mapping, may be one of
the most basic in algebra. From it we establish relationships among sets.

Mapping

Definition 1.17 (mapping) — Let A and B be two non—empty sets. A mapping (or func-
tion) f with domain A and range (or codomain) B assigns to each element a of A a unique
element b of B. The element b is denoted by f(a) and called the value of f at a. A mapping
ffrom A to B is denoted by f: A — B. O

Let b, denote an expression depending on a. If b, belongs to B whenever a belongs
to A, then the correspondence a to b, defines a mapping from A to B that is denoted by
a— b,

Figure 1.21 shows two graphical representations of a mapping f from A to B.

As a consequence of Definition 1.17,if a; = a, then f(a,) = f(a,). Thatis, by using
the notion of mapping, we can deduce an equality from another one.
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a f(a)

A B

Fig. 1.21 — A mapping.

We call the set of mappings from A to B a mapping (or function) set, and we denote
it by B

Two mappings f and g are equal iff they have the same domain, range and values, i.e.,
f(a) = g(a) for every a in the domain.

For any non—empty set A, the identity mapping on A, denoted by 1,, is the mapping
from A to A which assigns each element of A to itself.

Let X be a subset of A. The image of X through a mapping f from A to B, denoted by
J(X), is a subset of B such that b belongs to it iff for some element a in X, f(a) = b, i.e.,
fX) 2 (b€ B:3a €X, fla) = b).

Figure 1.22 shows the image f(X) of a subset X through a mapping f.

— A
f

X F(X)

A B

Fig. 1.22 — Image of a set through a mapping.

Here, the notion of image of a subset must not be mistaken with that of digital image
of Section 1.1.

Exercise 1.18 (properties of the image of a mapping) — Let f be a mapping from A to B.
Prove that for any subsets X, and X, of a set A,

X, C X, = f(X) Cf(X,) and f(X,NX,) C f(X)) Nf(X,),

where N denotes the intersection between subsets. O
Proof — Let us prove the first inclusion. For any b in B,

befX) = JaceX, fla=0b (image definition)

= da € X,, fla=0b (hypothesis)

< b € f(X),). (image definition)
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Let us prove the second inclusion. We observe that since X, N X, is a subset of X, and
X, we can apply the above result twice, hence, for any b in B,

be fX,NX,) = b € (X)) and b € f(X,) (above observation)

< b € f(X)NAX,). (intersection definition)
O

Let f be a mapping from A to B, the inverse image of a subset Y of B through fis the
subset of A denoted by f~'(Y) and defined by

' ={a€A: fa) €Y}
Figure 1.23 shows the inverse image f~'(Y) of a subset Y through a mapping f.

— A

f
7'M Y

A B

Fig. 1.23 — Image inverse of a set through a mapping.

Exercise 1.19 (inverse image property) — Let f be a mapping from A to B and let b be an
element of B. Prove that if a € f~'({b}) then f(a) = b. O

Some special mappings are called bijections.

Bijection and composition

A mapping f from A to B is injective or an injection iff for all a;, € A and a, € A,
a, # a, implies f(a,) # fla,).

A mapping f from A to B is surjective or a surjection iff the image of A through f'is
B,ie., f(A) = B.

A mapping fis bijective or a bijection iff it is injective and surjective.
The identity mapping is an example of bijection.

Injective and surjective mappings are dual concepts. This can be seen by using the
concept of mapping composition.

Definition 1.20 (composite of two mappings) — Let f be a mapping from A to B, and let
g be amapping from B to C. The composite of f and g is the mapping from A to C, denoted
by g ofor gf, and given by, for any a of A,

(g o Pla) = g(f(a)). 0

Figure 1.24 shows two graphical representations of the composite of two mappings.
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f
gof
A —= B a (@ 2(f(@)
g<>\ l 8 f 8
A B C
C

Fig. 1.24 — Composite of two mappings.

From the definition of composite of two mappings, we can defined an operation be-
tween appropriate mappings, that we call the composition of mappings. Figure 1.25 shows
a graphical representation of the composition of mappings.

} gof: A—=C

Fig. 1.25 — Composition of mappings.

f:A—=B

g: B—=C

The composition of mappings obeys the following laws. For any mappings f from A
to B, g from B to C, and h from C to D,

ho(gof) = (hog)of (associativity)

fol, =f=1z0f. (identity law)

Exercise 1.21 (composition properties) — Prove the associativity and identity laws of the
composition. O

Solution — Let us prove the associativity law. For any a in A,

(ho(gofa)

h((g o fHa)) (composition definition)

h(g(f(a))) (composition definition)

(hog)f(a)) (composition definition)
= ((hog)of)(a). (composition definition)

Let us prove the identity law. For any a in A,
(folp(@) = f(1:(a) (composition definition)
= f(a) (identity mapping definition)

14(f(a)) (identity mapping definition)

(1, 0/)(a). (composition definition)

O
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Figure 1.26 shows three graphical representations of the composition associativity.

oQ
-
oQ
@]
\
-
=
@]
o~
oQ
@]
>
Il
~
=
@]
oQ
~
@]
\
-~
=
@]
oQ
-
oQ

— D D <= C
h h
gof hog
f 8 h b— = — f 8 h

8 b
f gof  ho(gop /]\ /]\

N AN
h hog (hog)of
g

h

Fig. 1.26 — Composition associativity.

The mapping composition is useful to define the dual concepts of left and right in-
verse mapping.

Definition 1.22 (left and right inverse mapping) — Let fbe a mapping from A to B. A map-
ping g from B to A is a left inverse of fiff g o f is the identity mapping on A, that is,
gof =1, It is a right inverse of f iff fo g is the identity mapping on B, that is,
fog = 1, O

The left side of Figure 1.27 shows a mapping g which is the left inverse of a mapping
£, the right side of the figure shows a mapping g which is the right inverse of a mapping

f

The left and right inverse mapping concepts can be used to characterize the injections
and surjections.

Proposition 1.23 (first characterization of the injections and surjections) — A mapping is
an injection iff it has a left inverse, and a surjection iff it has a right inverse. O

For the proof, see Mac Lane & Birkhoft (1967, Theorem 1, p.9).

Alternatively, the injections and surjections can be characterized by using the con-
cepts of image and inverse image through a mapping.
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a
A ] . [ B
8(f(@) )

S —

Fig. 1.27 — Left and right inverses of a mapping.

Proposition 1.24 (second characterization of the injections and surjections) — A map-
ping ffrom A to B is an injection iff, for any subset X of A, f~'(f(X)) = X, and a surjection
iff, for any subset Y of B, f(f~'(Y)) = Y. O

Proposition 1.24 is another way to see that the injections and the surjections are dual
concepts.

Exercise 1.25 (second characterization of the injections and surjections) — By using
Proposition 1.23, prove Proposition 1.24. O

Exercise 1.26 (surjection property) — Let fbe a surjection from A to B, and let X be a sub-
set of A and Y a subset of B. Prove that, if f(X) C Yand f~'(¥) C X then f(X) = Y.O

We are now ready to introduce and characterize the notion of inverse mapping.

Definition 1.27 (inverse mapping) — Let fbe a mapping from A to B. The mapping g from
B to A is a two sided—inverse, or simply an inverse, of f iff g is the left and right inverse
of f. O

Proposition 1.28 (characterization of the bijections) — Let f be a mapping from A to B.
The following statements are equivalent:

1. f is a bijection;
2. fhas a left and a right inverse;
3. fhas an inverse (a two—sided inverse).

When this is the case, any two inverses (left, right or two—sided) of f are equal. This unique
inverse of f, denoted by f~', is a bijection from B to A and

FhHt=r U
For the proof, see Mac Lane & Birkhoff (1967, Corollary, p. 10).

The last statement says that if g is the inverse of f, then fis the inverse of g. In this
case, we say that f and g are mutually inverse.
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Exercise 1.29 (bijection example) — Let b, be a bijection from A to B, let f be a mapping
from B to C and let b, be a bijection from C to D. Prove that the mapping F from C® to
D* defined by, for any f of C?,

F() £ byofob,
is a bijection and that its inverse G is defined by, for any g of D*,
Ge) £ b, 'ogob, . O
Exercise 1.30 (bijection property) — Let f be a bijection from A to B, and let X, and X,
be two subsets of A. Prove that f(X, N X,) = f(X,) Nf(X,). O

If fis a bijection from A to B, then the image of any subset Y of B through its inverse
f~"is equal to the inverse image of Y through f. This justifies the unique notation f~'(X)
for both concepts.

Proposition 1.31 (composition of bijections) — Let f be a bijection from A to B and let g
be a bijection from B to C, then g o fis a bijection from A to C and its inverse is the map-
ping f~'og~! from C to A. O

For the proof, see Mac Lane & Birkhoff (1967, p. 10).

At this point, we can introduce the graph—of—a—mapping characterization in terms of
mappings.

Let G be a graph—of—a—mapping on A to B. For any a of A and b of B, we denote
by fs(a) the expression defined by
fe(@) 2 b iff aGb. (1.1
Let f be a mapping from A to B. We denote by G, the binary relation, between A and
B, defined by
Gfé {(a,b) E A X B: b = f(a)}. (1.2)

Proposition 1.32 (graph—of—a—mapping characterization in terms of mappings) — The
mapping G ~ f;; from G(A X B) to B* is a bijection, its inverse is the mapping f+> G,.
O

Proof — Let us divide the proof into four main steps.

1. f;is a mapping from A to B since, G being a graph—of—a—mapping, for each a we
have one and only one b such that a G b, or equivalently, such that f;(a) = b.

2. f being a mapping from A to B, for each a of A, there is one and only one b such
that f(a) = b, or equivalently, such that (a, b) belongs to G, therefore G,is a graph—of—
a—mapping on A to B.

3. Let G be a graph—of—a—mapping on A to B,

ch = {(a,b) € A X B: b = fga)} (definition of G))
= {(a,b) € A X B: aGb} (definition of f;)
=G (binary relation definition)

that is f'+— G,is a left inverse of G — f;;. Therefore, by Proposition 1.23, G — f; is an
injection.
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4. Let f be a mapping from A to B, for any a in A,

fol@) = b iff aGb (definition of f,)
= b iff b= f(a) (definition of G,)
= f(a)

that is, by mapping equality, fo = f. Consequently f— G,is arightinverse of G — f;.
Therefore, by Proposition 1.23, G — f;; is a surjection.

Hence, by definition, G > f; is a bijection and by Proposition 1.28 its inverse is
f= Gy O

Gy is called the graph of the mapping f and can be read “is assigned by f to”.

For example, if b = f(a), then a “is assigned by fto” b.

Figure 1.28 illustrates Proposition 1.32.

—
Grfs

G(A X B) B

f—=G;

Fig. 1.28 — Graph—of—a—mapping characterization.

Returning to the binary relations, we can defined two more classes.

Equivalence and partial ordering
When a binary relation is on A to itself, we say that the binary relation is on A.
A binary relation R on A is
reflexive iff a R a for any a in A,
antireflexive iff a R a forno a in A,
symmetric iff a R b implies that b R a for any a and b in A,
antisymmetric iff a R b and b R a implies that a = b for any a and b in A,
strictly antisymmetric iff a R b and b R a for no a and b in A,
transitive iff a R b and b R ¢ implies that a R ¢ for any a, b and ¢ in A.
antitransitive iff a R ¢ implies that a R b and b R c for no b in A, and any a and ¢ in A.

For the antireflexivity definition see also Birkhoff, 1967, p. 20. The strict antisymme-
try and the antitransitivity are original definitions.

Let A be the points of a plan in which we have chosen an axe which we interpret as
showing the upward direction. We respect to this direction we can define a binary relation
on A called “is below”. We verify that this relation is strictly antisymmetric and transitive.
If a binary relation is strictly antisymmetric and transitive we says that it is of the type

“is below”.
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Exercise 1.33 (antireflexivity) — Prove that if a relation is strictly antisymmetric then it
is antireflexive. O

Exercise 1.34 (strict antisymmetry) — Prove that if a relation is antireflexive and transi-
tive then it is strictly antisymmetric. O

Solution — Let R be a binary relation on A. For any a and b in A, by transitivity of R, if
the assertion a R a is false then the assertion a R b and b R a is false. By antireflexivity
of R, the assertion a R a is always false, consequently for such R, the assertion a R b and
b R a is always false, in other words, the assertion a R b and b R a is true for no a and b
in A. O

Based on some of these properties, let us define two classes of binary relation. The
first class is that of equivalence relation.

Definition 1.35 (equivalence relation) — Let A be a non—empty set. A binary relation on
A which is reflexive, symmetric and transitive is called an equivalence relation. O

The equality between elements of a set is an equivalence relation. The binary relation
= on the “set” whose elements are sets, defined by a = b iff “there exists a bijection
from a to b” is an equivalence relation.

The second class of binary relation is that of partial ordering or inclusion. Later on,
this binary relation will be used to introduce the Mathematical Morphology.

Definition 1.36 (partial ordering relation or inclusion) — Let A be a non—empty set. A
binary relation on A which is reflexive, antisymmetric and transitive is called a partial
ordering relation or inclusion relation. O

A partial ordering is usually denoted by < and it is read “is less than or equal to” or
“is contained in”. Hence if a < b we say that a “is less than or equal to” b or a “is con-
tained in” b.

Exercise 1.37 (mutually converse partial orderings) — Let R, and R, be two mutually
converse relations. Prove that R, is a partial ordering iff R, is a partial ordering. O

The partial ordering concept leads up to the algebraic structure of partially ordered
set and chain.

Poset and chain

Definition 1.38 (partially ordered set) — A partially ordered set, or poset for short, is a
non—empty set on which a binary relation is defined which is a partial ordering. If A is the
set and < the partial ordering, then the poset is denoted by (A, <). O

The set N of natural numbers with its usual partial ordering < is a poset.

Definition 1.39 (chain) — A poset (A, <) is a chain iff for all a and b belonging to A,
either a < bor b < a. O

The poset (N, <) of natural numbers is a chain.

Any subset X of a poset is itself a poset under the same ordering relation (restricted
to X) (Birkhoff, 1967, Theorem 1, p.2). Furthermore, any subset of a chain is a chain.

For example, the subset {1, 2} of N under the usual partial ordering < is a chain.
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A subset X of a poset A is a (closed) interval iff there exist two elements a and b in
A such that x belongs to X iff a < x < b. The elements a and b are elements of X, are
unique by the antisymmetry of =<, and are called, respectively, the left and right extremi-
ties of X. The subset X is denoted by [a, b].

From two posets we can create another poset as shown below.

The direct product of two posets (A, <) and (B, <) is the Cartesian product A X B
with the binary relation < defined by, for any a and a' of A, and b and b’ of B:

(a,b) < (@,b') iff a<a andb < b

The direct product of two posets is a poset. But the direct product of two chain is not
necessarily a chain.

For example, the direct product of ({1,2}, <) by itself is a poset but not a chain for
we have neither (1,2) = 2,1)nor (2,1) = (1,2).

Important examples of chain are the ordinal numbers.

Ordinal number and matrix

Let n be a non zero natural number (Mac Lane & Birkhoff 1967, p.35), the interval

n2 [1,n] of natural numbers with the usual partial ordering < is a chain called ordinal
number (Birkhoff 1967, in Theorem 5, p.5). We shall often use n instead of (n, <) if there
is no danger of misunderstanding. That is, in this case, n is an ordinal number.

A non—empty set A is finite if for some natural number 7 there exists a bijection from
nto A, thatis, A = n. The natural number 7 is the number of elements of A, we denote
it by #A.

The direct product of two ordinal numbers m and n, that we shall denote by m X n
if there is no danger of misunderstanding, is an example of poset.

Let m and n be two non zero natural numbers, and let K be any non—empty set. A map-
ping from m X ntoKiscalled a m X n matrix with entries in K. If A is a matrix, its entry
at (i, ) is denoted by a,;. Conversely, if a;; denotes the entry at (i, j) of a matrix, then the
matrix is denoted by [a,,].

When the entries are in the set R of real numbers, the matrix is called real. A 1 X n
matrix is called a row matrix, and a n X 1 column matrix.

Finite poset are conveniently graphically represented by its Hasse diagram.

Hasse diagram

In order to “visualize” a finite poset (A, <), we draw its graph (Szdsz, 1971, p. 8)
or Hasse diagram (Heijmans, 1994). To define such diagram it is worthful to introduce
two new binary relations on A which are one to one related with the partial orderings. We
call them strict inclusion and covering.



24 Chapter 1

Definition 1.40 (strict inclusion) — Let A be a non—empty set. A binary relation on A
which is antireflexive and transitive is called a strict inclusion relation. O

A strict inclusion is usually denoted by < and it is read “is less than” or “is properly
contained in”. Hence if a < b we say that a “is less than” b or a “is properly contained
in” b.

Definition 1.41 (covering) — Let A be a non—empty set. A binary relation on A which is

strictly antisymmetric and antitransitive is called a covering relation. O

A covering is usually denoted by < and it is read “covered by”, its converse is to be
read “covers”. Hence if a < b we say that a “is covered by” b or b “covers” a (Szész,
1971, p. 7).

Exercise 1.42 (strict inclusion property) — Prove that a strict inclusion is strictly antisym-
metric. O

Solution — The property is a consequence of Exercise 1.34. O

Exercise 1.43 (strict inclusion property) — Let < be a strict inclusion on a finite set A.
Prove that, for any a and b in A,

Ax):a<x, < ..<x,<b

x:a<x<b <= and . 0
a<y <x <..<x,<Yy,4 <b forno(y)

Solution — Let x be one of the x;, then by transitivity of <, the second statement implies
the first one. To prove that the first statement implies the second one, we give below an
algorithm to compute the x; from x.

X, < FIRST(a, x)
NEXT(x,, 1)
where the procedures FIRST and NEXT are defined below.

NEXT(x, i)
FIRST(x, y) i
As:x < s <y y <—y1~:)IR=ST)£x, b)

yes : return FIRST(x, s)

no : return y no :x; < y;NEXT(y,i + 1)

yes : return

The procedure FIRST(x, y) returns the element z, if it exists, such that x < z < yand
there is no s such that x < s < z, otherwise it returns y. The procedure NEXT(x, 1) finds
the elements x,, ... x,, if they exist, such that x < x, < ... < x, < b. O

We now state the relationships between partial ordering, strict inclusion and cover-
ing.

Let us consider first the relationship between partial ordering and strict inclusion
(Birkhoff, 1967, Lemma 1).

Let < be a partial ordering on A. For any a and b in A, we denote by a < _ b the ex-
pression given by

a<_-bSa=banda<b.
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Let < be a strict inclusion on A. For any a and b in A, we denote by a =< _ b the ex-
pression given by

A
a<.b<=a=bora<b.

Proposition 1.44 (characterization of the partial orderings in terms of strict inclu-
sions) — The mapping < — < _ from the set of partial orderings to the set of strict inclu-
sions is a bijection and its inverse is < — =< _. O

Proof — Let us divide the proof into four main steps.

1. Let < be a partial ordering on A, then < _ is a binary relation on A which is a strict
inclusion. The antireflexivity comes from the antireflexivity of the relation #. The transi-
tivity comes from the transitivity of <.

2.Let < beastrictinclusion on A, then < _ is a binary relation on A which is a partial
ordering. The reflexivity comes from the reflexivity of the relation = and the transitivity
comes from the transitivity of = and <. The antisymmetry comes from the symmetry
of = and the strict antisymmetry of <. This last assertion, for example, can be proved
in the following way. For any a and b in A,

as_b a=bora<b
and <= and (definition of = )
b<_a b=aorb<a
a =bandb = a
or
a=bandb < a R
Or 13 2 (13 29
= a0 < by =4 (distributivity of “and” over “or
or
a < bandb < a
< g =bandb = a (strict antisymmetry of <)
< a=b (symmetry of =)

3. Let < be a partial ordering on A. For any a and b in A,
as._b<e a=bora<.b (definition of < .)

< dad

bor(a # banda < b) (definition of < .)

a=bora #b

= and (distributivity of “or” over “and”)
a=bora=b>b

< a=bora<b (a = bora # b is always true)

< a < b, (reflexivity of =)

that is, < = =< _ is a left inverse of =< — < _. Therefore, by Proposition 1.23
< — < _ is injective.
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4. Let < be a strict inclusion on A. For any a and b in A,
a<._b < a#banda=_> (definition of < _)
< a#band(a =bora < b) (definition of < _)

a#banda =0b o
Or 3 2 3 99
0% basda < b (distributivity of “and” over “or
< a # banda < b (a = b and a # b is always false)
< a<b, (antireflexivity of <)

that is, < = =< _ is a right inverse of =< +— < _. Therefore, by Proposition 1.23
=< — < _ is surjective.

Hence by definition, < + < _ is a bijection and by Proposition 1.28 its inverse is
<= =<_. O

Let us consider now the relationship between strict inclusion and covering.
Let < be a strict inclusion on A. For any a and b in A, we denote by a < _ b the ex-

pression given by

A
a<_.b<=a<band a < x < b fornox.

Let < be a covering on a finite set A. For any a and b in A, we denote by a < _ b
the expression given by

A
a<.b<=a<bordkx):a<x <..<x,<b

Proposition 1.45 (characterization of the strict inclusions in terms of the cover-
ings) — Let A be a finite set. The mapping < = < _ from the set of strict inclusions on
A to the set of coverings on A is a bijection and its inverse is < — < _. O

Proof — Let us divide the proof into four main steps.

1. Let < beastrictinclusion on A, then < _ is a binary relation on A which is a cover-
ing. The strict antisymmetry comes from the strict antisymmetry of < (see Exercise
1.42). The antitransitivity comes from the transitivity of <. This last assertion can be
proved in the following way. For any a and b in A,

a<_.b < a<banda < x <b fornox (definition of < .)
= g < x < b fornox (transitivity of <)
= a<y<x<z<bfornox,yandz (a fortiori)
< a<_.x<_b fornox. (definition of < _)

2.Let < be acovering on A, then < _ isabinary relation on A which is a strict inclu-
sion. The antireflexivity comes from the antireflexivity of the relation < (see Exercise
1.33). The transitivity comes from the fact thatif a < . band b < . c then there always
exists a family of element of A (this family contains at least the element b) in between a
and c (in the sense of <), thatis a < _ c.
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3. Let < be a strict inclusion on A. For any a and b in A,

a<._b<ea<_ordx):a<_.x <..<_.x,<.b (definition of < )
a<band a < x < b fornox
or
= Ax):a < x <d < x, < b (definition of < .)
an

a<y <x;<..<x, <y, <b forno(y)

a < bor3d(x)...

= and (distributivity of “or” over “and”)
a < x < b forno x or A(x))...

a<bordx:a<x<b

and :
= a<x<bfornoxordx:a<x<b (Exercise 1.43)

< (a < bordx:a < x < b) and TRUE (incompatible statements)
< a<bordx:a<x<b (TRUE is the unit element of “and”)
< a < b, (the second term implies the first one)

that is, < = < _ is a left inverse of < — < _. Therefore, by Proposition 1.23
< = < _ is injective.

4. Let < be a covering on A. For any a and b in A,

a<<<b©a<<banda<<x<<b for no x (definition of < _)
a<bord(x):a<x <..<x<b
and
< (a < xor H(yj) ta <y, <d <Vu <X (definition of < .)
an

x<bord(z):x <z <..<gz,<b) fornox

a<bordx):a<x <..<x<b
and
(a<x<b

or
< Ay)ia <y <. <y, <x<Db (distribut.)
or
dz):a<x<z,<..<z,<b
or
Ap)z):ia <y <. <x<z <..<gz, <b) fornox

a <band (a < x ...) forno x

b distribut.
Ax):a < x;, < .. <x,<band (@ < x ...) fornox (distribut.)

a<b

OI‘ . ..
dx):a < x;, < ..<x,<band(a < x ..) fornox (antitransitiv.)

< a < bor FALSE, (incompatible statements)
< a < b, (FALSE is the unit element of “or”

that is, < = < _ is a right inverse of < + < _. Therefore, by Proposition 1.23
< = < _ is surjective.
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Hence by definition, < + < _ is a bijection and by Proposition 1.28 its inverse is
<> <_. O

By combining the above both characterizations we can state a new characterization
of the partial orderings in terms of the coverings.

Let < be a partial ordering on A. For any a and b in A, we denote by a < - b the ex-
pression given by

A
a<_-b=az#banda<band a < x < b fornox # aorb.

Let < be a covering on a finite set A. For any a and b in A, we denote by a < _ b
the expression given by

A
a<.b<=a=bora<bordkx):a<x <..<x,<b

Proposition 1.46 (characterization of the partial orderings in terms of the cover-
ings) — Let A be a finite set. The mapping < — < _ from the set of strict inclusions on
A to the set of coverings on A is a bijection and its inverse is < — =< _. O

Exercise 1.47 (characterization of the partial orderings in terms of the cover-
ings) — Prove Proposition 1.46. Hint: prove that < +— < _ is the composition of
=—<_and <+ < _, and apply Propositions 1.44, 1.45 and 1.31. O

Figure 1.29 illustrates the characterizations given in Propositions 1.44 and 1.46.

—
< <

— A — A
e <—><_

<t>=_ <<

— ~—
<—>=_
— —

partial orderings  strict inclusions  coverings

Fig. 1.29 — Partial ordering characterizations.

If =, <and < are, respectively, a partial ordering, a strict inclusion and a covering
on the same set A and are in a mutual one—to—one relationship, then we have,

a<b=a<b= a<hb,
in other words,
<C<Cz=.

From Exercise 1.34, we observe that a strict inclusion is a binary relation of the type
“is below”.

If (A, =) is a finite poset then we call (A, <.) its graph.
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Since < . is of the type “is below”, the graph of a finite poset (A, <) can be repre-
sented graphically by drawing its elements as small circles, placing a below b whenever
a < . b, and drawing a line segment connecting them, whenever a < . b. The resulting
figure is called the Hasse diagram of (A, <). Figure 1.30 shows the Hasse diagrams of

four posets.

Fig. 1.30 — Hasse diagrams of four posets.

For example, the first Hasse diagram in this figure is the graph of the direct product
of ({1,2}, <) by itself if we named the small circles as in Figure 1.31.

2, 2)

(1,2) <> 21

1, 1)

Fig. 1.31 — Hasse diagram of the direct product of a two—elements chain.

Exercise 1.48 (partial order of a poset and covering of the graph of a poset) — Draw the
table given the partial order of the poset which graph is shown in Figure 1.31. Draw the
table given the covering of its graph. O

Solution — The left table in Figure 1.32 represents the partial order of the poset which
graph is shown in Figure 1.31. The right table in Figure 1.32 represents the covering of
its graph.

1,1)](1,2)| (21|22 1,1)]1(1,2)|(2,1)](2,2)
LY x | x | x | % 1,1 X | %
1,2) X X (1,2) X
(2,1 X | X 2,1 X
(2,2) X (2,2)

Fig. 1.32 — Partial order and covering.
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Exercise 1.49 (partial order of a poset and covering of the graph of a poset) — Draw the
table given the partial order of the poset which graph is the third one (from left to right)
shown in Figure 1.30. Draw the table given the covering of its graph. Hint: give a letter
to each of the small circles. O

Returning to the bijection and poset notions, we recall the notion of poset—isomorph-
ism.

Poset—isomorphism

We now give the definitions of increasing and decreasing mappings, and of poset—iso-
morphism and of poset—dual-isomorphism.
Let (A, =) and (B, <) be two posets. A mapping fis increasing (or isotone, or a po-
set—morphism) iff for any a and a’ in A,
a<a = fla=fla)

it is decreasing (or antitone) iff for any a and bin A,

a<a = fd) = f(a).
Definition 1.50 (poset—isomorphism and poset—dual-isomorphism) — Let (A, <) and
(B, =) be two posets. A poset—isomorphism f from A to B is a bijection which is order—
preserving, that is, f and its inverse are increasing. A poset—dual—isomorphism f from A
to B is a bijection which is order-reversing, that is, f and its inverse are decreasing. [

Two posets are poset—isomorphic iff there exists a poset—isomorphism between them.

The binary relation “is poset—isomorphic to” defined on the set whose elements are
posets is an equivalence relation.

Figure 1.33 shows two bijections. On the left hand side the bijection is a poset—iso-
morphism. On the right hand side the bijection is not a poset—isomorphism.

Fig. 1.33 — Poset—isomorphism and none poset—isomorphism.

Exercise 1.51 (equivalent definition of a poset—isomorphism) — Let (A, <) and (B, <)
be two posets. Prove that a bijection f from A to B is a poset isomorphism iff for any a and
a' inA,

a<a = fla < f@). O
Proposition 1.52 (finite chain) — Any finite chain with n elements is poset—isomorphic
to the ordinal number n. O

For the proof see Birkhoff (1967, Theorem 5, p.5); Mac Lane & Birkhoft (1967, Prop-
osition 2, p.483).

There is only one way to build a poset—isomorphism between two isomorphic finite
chains. In other words, this isomorphism is unique.
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Image moments

We will define the moments of an image or, equivalently (see Chapter 1), of a matrix by
the moments of its associated random variable. This will lead to the concept of mean and
variance of an image, of covariance matrix of a matrix of images, and finally to the princi-
pal component analysis.

First we will show how an image can be associated with a real function and conse-
quently be seen as a vector in a linear vector space.

2.1 Image as a vector

We begin by introducing the abstract concept of real image. Here, the word real comes
from the mathematical concept of real numbers and as we will see through its definition,
a real image may not exist from the point of view of the real world.

Let fbe an image from E to K, where K is an interval of the natural numbers, for exam-
ple the interval [0, p — 1] considered in Chapter 1. Since K is a subset of the set R of real

numbers, we can associate to f the mapping g,from E to R defined by g(x) 2 f(x), for
any x in E. The mapping g,is an extension of f (see Section 2.4). We call g,the real exten-
sion of the image f.

Figure 2.1 illustrates the real extension of an image.

We call a mapping from E to R a real image on E, or simply an image when no misun-
derstanding is likely to arise.

31
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Fig. 2.1 — Real extension of an image.

A real image g on E is the real extension of an image from E to K iff g(E) is included
in K. In practice, “few” real images will satisfy this condition. This is why we say that
a real image may not exist from the real world point of view.

We will now extend some of the properties of the real numbers to the real images and
we will show that they may be viewed as vectors in a linear vector space.

By using the same notation as we did in Chapter 1 for a mapping set, we denote by
R the set of real images with domain in E. By introducing appropriate operations on the
real images, we can structure R as a linear vector space.

Let us introduce the following three operations on R-.

The image addition, denoted by +, is the extension to R” of the addition + on R.
If f and g are two images in R%, then f + g is called their sum.

The image multiplication by a scalar, denoted by -, is the external extension to R®
of the multiplication on R. If & is a real number and fis an image in R¥, then a.fis called
product of the image f by the scalar a.

It is important to observe that the above operations do not guarantee, when applied
to real images which are the extensions of images from E to K, producing another real
image which is the extension of an image from E to K. That is, in general, the operation
result, let say 4, will not satisfy the condition A(E) being included in K.

The black image selection, denoted by o, is the extension to R” of the nullary opera-
tion on R which select the real value 0. This operation selects the black image, that is, the
constant image, x — 0.

Figure 2.2 shows through block diagrams the above three operations on real images
of size 2 by 2. In this figure we do not make distinction between the matrix from 2 X 2
to K and the numerical array of size 2 by 2.

We give without proof the following proposition. Actually, the proof uses the results
of Propositions 2.46 and 2.47.

Proposition 2.1 (linear vector space of images) — The set R equipped with the internal
binary operation of image addition +, the external binary operation of image multiplica-
tion by a scalar . and the nullary operation o (which select the black image), denoted by
(RE, +,.,0), is linear vector space over the field R. O

Because of Proposition 2.1, a real image is called a vector.
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Fig. 2.2 — Operations on images.

The negative of fin R, denoted by — f, is called the negative image of f.

Exercise 2.2 (negative image) — For any f in R*, prove that — f is the real image
x = — f(x). Hint: show that (— f)(x) = — f(x) for any x in E. O

For any fand gin R, the image difference of fand g, denoted by f — g, is the image
in R” given by
A
f-eg=f+(=9.

In order to introduce an inner product on the real images, we need to define one more
operation on them as well as the concept of sum of an image.

The image multiplication, denoted by -, is the extension to R¥ of the multiplication
on R. If fand g are two images in R”, then f - g is called their product. Figure 2.3 shows
through a block diagram the product of two images of size 2 by 2. Even though the images
can be seen as matrices, the above definition of product should not be confused with the

traditional matrix product.

Do el

23

Fig. 2.3 — Multiplication on images.
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For any fin R” (E being a finite set), the sum of the image f, denoted by > f, is the
element of R given by

SFE D f.

In Section 4.4, the mapping f— S ffrom R to R is called a reduction.

By combining the above two notions we can define the following expression involv-
ing two images. For any fand g in R%, let < f,g > be the element of R given by

A
<fg>=(Cf" 9/#E. 2.0
We give without proof the following proposition.

Proposition 2.3 (image inner product) — For any fand g in R%, < f,g > is an inner
product of fand g. O

The scalar < f, g > is called the inner product of the images fand g, and || f|| the
norm of f.

The linear vector space R” equipped with the operation (f, g) — < f,g > is the Eu-
clidian vector space (see Section 2.4) that we will work with.

Exercise 2.4 (image inner product) — Show that, for the images fand g given in Figure
2.2, we have < f,g > = 51/4. O

The images fand g are said orthogonal iff < f,g > = 0. We observe that any image
fis orthogonal to the black image o.

Exercise 2.5 (image norm) — Show that, for the images fand g given in Figure 2.2, we

have | f|= /23/2and | g ||= ,/37/2. O

Let denote by i the constant image x — 1. We have || i|= 1.

2.2 Image as a random variable

A real image fin R” can be seen as a simple random variable with respect to a random
experiment that consists of randomly picking, with the constant probability 1/#E, any
pixel of f. From this point of view, we can define the first moments of an image (Banon,
1992a). These moments will be expressed in terms of the image inner product defined by
expression (2.1).

Definition 2.6 (mean of an image) — For any fin R¥, the mean of the image f, denoted
by m(f), is the element of R given by

mp) = < fi>. m

The mean (or average) of an image is a measure of its brightness. The greater the
mean the brighter the image. Figure 2.4 shows two images with different means, the right-
hand image as a greater mean and appears brighter compare to the left-hand one.
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[0 000000000 0] 11111101111 17
0000000000 O 11111111111
00111111100 11222222211
00101131000 11212232111
00111231000 11222332111
00111231000 11222332111
00101131000 11212232111
00101111100 11212222211
0000000000 O 11111111111
00000000000 111111 111°1°1
f g

] |

m@) = 041 1 -

m(g) = 141 ] L

Fig. 2.4 — Two images with different means.

Exercise 2.7 (mean of an image) — Show that, for the images fand g given in Figure 2.2,
we have m(f) = 3 and m(g) = 4. O

We give without proof the following mean properties.

Proposition 2.8 (mean properties) — For any fand g in Rf and a € R, we have

m(@i) = 1,
m(f + ¢g) = m(f) + m(g),
m(a.f) = am(f). O

The mean is the first moment. To define the centralized second moment, we need to
introduce the following definition.

Definition 2.9 (centralized version of an image) — For any fin R, the centralized ver-
sion of the image f, denoted by f, is the image in R given by

FEF—m@.i. O

We give without proof the following properties of the centralized version of an image.

Proposition 2.10 (centralized version of an image) — For any fand gin R* and a € R,
we have

m(f) = 0,
i =o,
=7
f+e=f+4&
af = af. m
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Exercise 2.11 (centralized version of an image) — Show that, for the images fand g given

in Figure 2.2, we have f = [: ? ?] and g = [_ é _ ?] U

From the definition of the mean and the first statement of Proposition 2.10 we observe
that f and i are orthogonal. Furthermore, from the definition of the centralized version,
we have f = f + m(f).i. In other words, any image f can be decomposed in terms of the

sum of two orthogonal images: f and m(f).i. This observation is illustrated in Figure 2.5.
In this figure orthogonal images are represented by orthogonal vectors.

i m(f).i

Fig. 2.5 — The decomposition of an image.

The images fand g are said uncorrelated iff f and g are orthogonal, otherwise, they
are said correlated. In particular, from the second statement of Proposition 2.10, any
image fis uncorrelated with i, and more generally to any constant images. We observe
that the unique images that are uncorrelated with themselves are the constant images, the
image i is an example.

As we can see from the above observation, the mathematical concept of correlation
is not intuitive for the case of constant images. Actually, it is meaningful for the non
constant images.

We can now define the notion of covariance of two images and that of variance of an
image.
Definition 2.12 (covariance of two images) — For any fand g in RE, the covariance of
the images f and g, denoted by cov(f, g), is the element of R given by
cov(f,g)é<f,g>. O

From the above definition, we see that the images f and g are uncorrelated iff their
covariance is zero, that is, cov(f, g) = 0.

We observe that cov(f, g) is also an inner product of f and g. With respect to it, f and

g are uncorrelated iff fand g are orthogonal (and no more f and g). Nevertheless, we will
continue to use < f,g > as inner product of fand g.

Proposition 2.13 (equivalent definition of the covariance) — For any fand g in R”, we
have

cov(f,g) =< f,g > — m(Hm(g). O
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Exercise 2.14 (covariance of two images) — Show that, for the images fand g given in
Figure 2.2, we have cov(f, g) = 3/4. Use both, Definition 2.12 and the equivalent defini-
tion given in Proposition 2.13. O

Definition 2.15 (variance of an image) — For any fin R, the variance of the image f,
denoted by var(f), is the element of R given by

.
var() 2 |7 . 0

We observe that var(f)is cov(f, f). For any fin R¥, the standard deviation of the image
[, denoted by sd(f), is the element of R given by

sdip = || f

that is the standard deviation of fis the square root of the variance of f.

i

The variance of an image is a measure of its contrast. The greater the variance the
higher the image contrast. Figure 2.6 shows two images with different variances, the
right-hand image has a smaller variance and appears with less contrast compared to the
left-hand one.

000000000O0O0O 1111110101111
000000000O0O0O 1111110101111
00111111100 111111011111
00101131000 11111121111
00111231000 11111221111
00111231000 11111221111
00101131000 11111121111
00101111100 111111011111
000000000O0O0O 1111011011111
000000000O0O0O 111101111111
f g
]
var(f) = 0.50 ] L
sd() = 0.71 ] [
var(g) = 0.05 ] L
sd(g) = 0.23 ] L
e

Fig. 2.6 — Two images with different variances.

Nevertheless, the above comment about contrast should be applied carefully. Let
a > 1, then a.f should have a better contrast than f. But this does not mean that we may
increase arbitrarily a to get a better contrast. We must recall that a.fis a real image only,
and it may not exist from the point of view of the real world.
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We give without proof the following variance properties.

Proposition 2.16 (variance properties) — For any fand g in R® and ¢ € R, we have

var(f) = var(— f),
var(f) =|f|* — m()?, (equivalent definition)
var(i) = 0,
var(f + g) = var(f) + 2cov(f, g) + var(g),
var(a-f) = a® var(f). O

We observe from the fourth statement of Proposition 2.16 that if fand g are uncorre-
lated then the variance of the sum is the sum of the variances, that is,

var(f + g) = var(f) + var(g).
Exercise 2.17 (variance property) — Using the result of Exercise 2.42 and Proposition
2.10, prove that, for any fand gin R¥ and @ and 8 in R,

var(a.f + B-g) = a* var(f) + 2afcov(f,g) + B* var(g). O
Exercise 2.18 (variance of an image) — Show that, for the images fand g given in Figure
2.2, we have var(f) = var(g) = 5/2. Use both, Definition 2.15 and the equivalent defini-
tion given in Proposition 2.16. O

Instead of indicating simply that two images are uncorrelated or not, we can define
a correlation coefficient.

Definition 2.19 (correlation coefficient of two images) — For any fand g in R” such that
var(f) and var(g) are not zero, the correlation coefficient of the images fand g, denoted
by o, is the element of R given by

A cov(fig)

Prs Vv Var(f)var(g)l

From the Cauchy—Schwarz inequality (cf. Proposition 2.41), we observe that
-1 <pp, <1l
Furthermore, o, , is zero iff fand g are uncorrelated.

Exercise 2.20 (correlation property) — Let f be in R and let i be the constant image
x + lin R”. Prove that p, ., = 1. O

Exercise 2.21 (sufficient condition of linear independence) — Show that a set of two im-
ages f and g, such that var(f) and var(g) are not zero, is linearly independent if their cor-
relation coefficient is not + 1. (Hint: develop the expressions cov(a.f + f-g,f) and
cov(a.f + B-g, ), and make use of the property that the black image is uncorrelated with
any image, i.e, cov(o,f) = 0 for any image f. O
Exercise 2.22 (correlation of two images) — Show that, for the images fand g given in
Figure 2.2, we have p,, = 3/10. Show that the set of the images fand g is linearly inde-
pendent. O

When we deal with a family of images, it is useful to use the notion of covariance
matrix. We now denote by F a 1 X n matrix with entry in R, that is F is a row matrix
whose elements are real images.
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Definition 2.23 (covariance matrix) — Let F be a 1 X n matrix with entry in R, the
covariance matrix of the row matrix of images F, denoted by X, is the n X n real valued
matrix R given by

A

2 = [cov(f, )] O

We observe that any covariance matrix is symmetric and the elements of the principal
diagonal are the variances of the images in the family, and the matrix is diagonal iff the
images in the family are two by two uncorrelated. From a family of images having a given
covariance matrix, one can derive a new family having a diagonal covariance matrix by
applying the so—called Principal Component Analysis (see Section 2.3).

Exercise 2.24 (covariance matrix of two images) — Show that, for the images f and g

given in Figure 2.2, we have X, = i[go 130]- H

The moments of an image can be alternatively derived from the histogram of an
image.

Definition 2.25 (histogram of an image) — For any fin K?, the histogram of the image
f, denoted by H(f), is the mapping from K to {0, 1/#E,2/#E, ..., 1} given by

A #x EE: f(x) = i}

HHG) = 75 i €K. O
We can rewrite the expression of the histogram of f as
HO@) = 525 Liof, 22)
where, for any i € K, 1,is the mapping from K to K given by
o2l iti=s ek 2.3)

0 otherwise

Figure 2.7 shows an image f and the binary component 1; o f when i equal 2.

[0 000000000 0] [0 000000000 0]
00000000000 0000000000 O
00111111100 0000000000 O
00101131000 0000000000 O
00111231000 00000100000
00111231000 00000100000
00101131000 0000000000 O
00101111100 0000000000 O
00000000000 0000000000 O
00000000000 [0 000000000 0]
f lzof

Fig. 2.7 — An image and one of its binary component.

The value H(f)(i) can be seen as the probability of picking a pixel from f with value
i in the random experiment mentioned above.
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Figure 2.8 shows the graph of the histogram of an image.

[0 000000000 0]
000000000O0O0O
00111111100 1
00101131000 100/110
00111231000
00111231000
00101131000
00101111100 75/110 H(H(0) = 75/110
000000000O0O0O
[0 000000000 0]
50/110
f H()
H((1) = 29/110
25/110
H((3) = 4/110
0 HHR) = 2/110
0123

K

Fig. 2.8 — The histogram of an image.

Exercise 2.26 (histogram of an image) — Assuming that K = [0,7] C Z is the gray—
scale of the images fand g given in Figure 2.2, find the histograms of f and g, and draw
their graphs. O

Proposition 2.27 (histogram properties) — For any fin K%, we have

> H(O) = 1,

ieK

m(f) = > H{),

i€k
var(f) = Z(i — m(H)H(i). O
i€k
Proof — Let us prove the statement relative to the mean. For any fin K*

> HEG) = Zi#z l,of, (histogram, Exp. 2.2)

i€k i€k

- Zi#z 1(f(x)),  (composition def.)

- # ZE ;{ i1i(f(x)), (sum properties)
- # ZE ;f(x)li(f(x)), (Exp. 2.3)

- # Zf () z 1(f(x)), (sum properties)

XEE i€k
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_ 1 . —
= %0 );E f(x), (mapping definition)
_ 1 . I .
= 4 ; FiC), (definition of 7)
_ 1 . -
= %0 z [ (product definition)
=< fii >. (Expression (2.1))
= m(f). (Definition 2.6)
The other statements can be proved under similar arguments. O

Exercise 2.28 (histogram properties) — Using Proposition 2.27 and the histograms of
Exercise 2.26, show that, for the images fand g given in Figure 2.2, we have m(f) = 3
and m(g) = 4. O

2.3 Principal component analysis

From a matrix of images defined on the same domain, we can derive a new matrix having
interesting statistical properties by applying the so—called Principal Component Analysis
(Anderson, 1966; Gnadesikan, 1977; Banon, 1992b).

Let F be a 1 X p matrices with entries in R%, ie., F is a row matrix of images
(F € (RH'P). We denote, by f;its entry at (1,7). When the f;’s are images of a same
scene captured along different spectral bands, F is called a multispectral image and the
f's are its bands.

We assume that the covariance matrix of F is not diagonal. That is, there exist at least
two f;’s which are correlated.

Animage g in Rfis a linear combination of the f;s iff there exist p real numbers a;’s

such that
8 = zai'ﬁ'

i€Ep
Forming such linear combinations, we can construct new interesting images and ma-
trices of images.

For example, we may want to find a linear combination which displays the best pos-

sible contrast. More precisely, we may look for a;'s such that Var(z a;-f;) is maximum
i€Ep
under the restriction z a;? = 1. A such linear combination is called a first principal
i€Ep
component of the row matrix F. We denote it by g,. We say a first principal component
because var(g) = var(— g) implies that the first principal components come in pairs.
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Let us apply this idea to the row matrix [f g] where f and g are the image of Figure
2.2. We will denote by a.f + f.g alinear combination of fand g. From Exercise 2.17 and
recalling that the variances of f and g are equal, the variance of a.f + f.g is proportional
to a® + p.aff + (> Hence, the values of @ and § which maximize the variance under
the restriction a® + 32 = 1 are those which maximize the product a3 under that restric-
tion (we recall that p,, is positive, see Exercise 2.22). A solutionis a = f8 = 1/ J2.1n
other words, one of the best contrasted linear combinations of the images f and g, or one
of the first principal components of [f g]is (1/ \/E)(f + g). Figure 2.9 illustrates geometri-
cally this solution. The rectangle of side a and  inscribed in the circle of radius 1 which

has the greatest area is the square of side 1/ \/E

a 1

Fig. 2.9 — Optimal solution for the best contrast problem.

Continuing along the same reasoning, we may want to find a linear combination
which displays the best possible contrast and which is uncorrelated with the above best
contrasted linear combination g,. More precisely, we may look for a;s such that
Var(z a;-f;) is maximum under the restriction z a? =1, and z a;-f; is uncorrelated

i€p i€Ep i€p
with first principal component g,. A such linear combination is called a second principal
component of the row matrix F. We denote it by g,.

If the f;’s form a linearly independent set of p vectors, then we can repeat the above
construction to find the next principal components until the last one, that is a p™ principal
component of the matrix F.

The images f and g of Figure 2.2 forming a linearly independent set of vectors (see
Exercise 2.22), we can find a second (and last) principal component. Since this is the last
one, we do not have to worry about finding the best contrast, we just have to find a linear
combination a.f + f8.g which is uncorrelated with the first component (1/ \/E)(f + g)and
such that @ + 8 = 1.

Writing that the covariance between the first and the second component must be zero,
we get that a + § = 0. Since (a, f) must be a point of the circle of radius 1, a solution

isa = -1/ J2 and g =1/ /2. In other words, one of the second principal components

of [fglis (1/ ﬁ)(g — f). We observe that, in this example, we have never used explicitly
the value of pg,.
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Figure 2.10 shows the geometrical construction of a pair of principal components of
[f g] where fand g are two images with equal variances (as in Figure 2.2). In this figure
uncorrelated images are represented by orthogonal vectors.

1/V2)@g - P — 1/2)(f + g)

f

Fig. 2.10 — Principal component construction.

Let denote by z a;;f;a 7™ principal component g ;and by G the row matrix of p prin-
i€Ep
cipal components g;of the row matrix f. The row matrix G is called the Karhunen—Loéve
or Hotelling transform of the row matrix F.

The problem of finding a set of p principal components, i.e., the problem of finding
the p* a;;’s has a very nice solution in Matrix Theory.

Let F and G be two 1 X p matrices with entries in RE. In order to establish the next
propositions we define, the following expression,

F'® G = [cov(f, g)].
By construction, F'® G is a p X p real matrix.
We observe that for any row matrix F, we have F'@ F = 2.

Proposition 2.29 (mixt associativity) — Let F and G be two 1 X p matrices with entry in
R%, and let A be a p X p real matrix, then

G'®(FA) = (G'® F)A and (A'F)® G = A(F'® G),
where FA is the usual matrix product of F by 4. O
Proof — For any matrices F' = [f,], G = [g;] and any A = [a;/],

G'® (FA) = [cov(g, zk‘,ak ol (product definitions)
= [Ek]ak scov(g, fl (covariance properties)
= (G'® FA. (product definitions)

The second equality can be proved in a similar manner. O

Proposition 2.30 (covariance matrix of a row matrix of linear combinations of imag-
es) — Let F be a matrix of p images and let A be a p X p real matrix, then

I = AEA) u
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Proof — For any matrices F and A,

3. = (A'FY) ® (FA) (Z and ® definitions)
= A(F'® (FA)) (Proposition 2.29)

= A((F'® F)A) (Proposition 2.29)

= A'ZpA). (Z and ® definitions)

O

Exercise 2.31 (covariance matrix of a row matrix of linear combinations of imag-

es) — Let fand g be the images given in Figure 2.2, and let A = /LE [i _1 1]. Using Exer-

v

cise 2.24 and Proposition 2.30, show that we have 2, = i[lg (7)] O

Proposition 2.32 (principal component construction) — Let F be a row matrix of images.
If A is an orthogonal matrix which diagonalizes X, then FA4 is a row matrix of principal
components of F. O

Proof — Let F be any row matrix of p images. If A is an orthogonal matrix which diagonal-
izes 2, (we know that such matrix exists since Z, is symmetric, see Section 2.4), then,
by Proposition 2.30, X, is diagonal. Hence, the images in F4 are two by two uncorre-

2
lated. Furthermore, since A is orthogonal, z ay; = 1forj=1,2,..,p. Thatis FA is
k
a matrix of principal components of F. O

Since the diagonal elements of X, are the eigenvalues of 2 and the column vectors
of A (in a basis 9") are the corresponding eigenvectors, the above proposition lead to the

construction of a set of principal components. A first principal component of F is Fla]'
where a is the eigenvector of X (i.e., the column vector of 4 in the basis ") correspond-
ing to the greatest eigenvalue of 2. A second principal component is obtained by select-
ing the second greatest eigenvalue and so on.

Exercise 2.33 (principal component construction) — Let f and g be the images given in
Figure 2.2. Verify that the matrix 4 = /LE [i _1 1] diagonalizes the covariance matrix of
[f g]. Applying Proposition 2.32, show that a matrix of principal components of [f g] is

[/LE [Z 171] /LE [g _1 1]:| Which one is a first principal component of [f g]? Explain your

answer. O

Some authors (Anderson, 1966, Introduction of Chapter 11) called also principal
components the column vectors of 4.

We call energy of a row matrix of images, F = [f,], the trace of X, that is the sum

of the image variances, z var(f,). Since the trace of X and the trace of X, are the equal,

k
we can say that the Karhunen—Loeve transform preserves the energy.
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For example, the trace of the covariance matrix of [f g], where fand g are the images
of Figure 2.2, is 5/2 4+ 5/2 = 5 (see Exercise 2.24); the trace of the covariance matrix
of principal components of [fg]is 13/4 + 7/4 = 5 (see Exercises 2.33 and 2.31). We
observe the energy conservation between both matrices. Whereas the energy in [f g] is
uniformly distributed over fand g, the same energy in the matrix of principal components
of [f g] in concentrated over the first principal component (65% of the total energy).

One of the possible application of the principal component analysis is compression.
When the matrix of images is formed with highly correlated images, we can reach a good
compression rate by keeping just the principal components with greatest variance.

Before ending this section, we would like to give a geometrical interpretation of the
principal component analysis.

The row matrices of images that we have considered up to now are elements of the
set (R)'*P, We now consider the set (R”)” of the mappings from E to R?. Actually, we
have (R®)'*? = (R”)". Let f, ..., f, bepimagesin R*andlet F = [f, f; ... f,], a bijection
of interest from (R¥)'*? to (R”)*is F — f, where f is defined by, for any x in E,

Fr®) = (Ao, s f0),
its inverse f+—> F, being defined by

Fr 2 0fify o £,

where the f;’s are defined by, for any x in E,
A 3 .
f(x) = (flx)); forany j = 1,2,...p,

(f(x))]ig being the jth coordinate of f(x) in the canonical basis & of R”.
For example, if fand g are the two images of Figure 2.2, then the above bijection as-

(1,5) &, 6):|

signs to the row matrix [f g], the image f;,; = [(2 2) (4.3)

The pixel values of an image in (R”)* are vectors in R”. When p is 2, these vectors
can be represented graphically as points in the plane by choosing a pair of axes. Figure
2.11 shows in the plane the four values assumed by the pixels of fi;,;, f and g being the
images of Figure 2.2.

For any fin (R”)®and any p X p real matrix A, we would like to compute the map-
ping that transforms the image f into f, Fpa This mapping is illustrated in Figure 2.12.

The next proposition gives the solution for such computation.

Proposition 2.34 (pixel values transformation) — Let F be in (R®)'*P and let A be a
p X p real matrix, then, for any x in E,

fra)]e = [fr(0)]e A,

where & is the canonical basis of R”. O
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(5.6)
s | .

.4,3)

eR)

0 5

Fig. 2.11 — Pixel values of an image.

— F 't
(Rp)E (RE)I Xp

£t l J F s FA

(Rp)E P S (RE)I Xp

F>fr

Fig. 2.12 — Image transform.

Proof — Let ¢, c,, ..., ¢, be the column matrices of A and let (FA), 2 Fc,for i € p, then
FA = [(FA),, ...,(FA),]. For any x in E, we have,

[fra)]e = [(Fra(0));] (definition of [-]y)
= [(FA)(x), ..., (FA),(x))}] (definition of f;)

= [(FA)x)] (Exercise 2.37)

= [Fcj()] (definition of (FA),)

= [fi(x), ... f,(0)]lc] (extension definition)

= [fi(x), ...f,(x)] A (definition of the c,’s)

= [(f1(x), .. f(X))F] A (Exercise 2.37)

= [(fr(x);14 (definition of f)

= [fr(0)]c 4. (definition of [-]q)

O

Let f be an element of (R”)f and let A be any p X p, recalling that F — fis a bijec-
tion, a consequence of Proposition 2.34 is, for any x in E,

[fFj.A(x)]@ = [f(0)]s A. 2.4
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Expression (2.4) shows that the mapping that transforms the image f into f Fpa acts
linearly on each pixel values according to matrix A.

Exercise 2.35 (transformed image) — Let f = [8;; Ei ;);] and 4 = /LE[; _1 1], using

Expression (2.4) show that we have fFfA = L[(& 4 (LD ] O

Ll@o a-1n

When A is an orthogonal matrix, the norm and the inner product of the pixel values
are preserved (Cagnac et al., 1965, p. 41), that is, for any x and y in E,

Hf(x) H = HfFfA(x) H and < f(x),f(y) >=< fFfA(x)7fFfA(y) >.

When p = 2, the mapping that transforms the image f into f, Fp acts on each pixel

values like a rotation. Figure 2.13 illustrates the rotation effect on the pixel values. On
the left part of the figure we have drawn a second pair of axes corresponding to the column

vectors of A (obtained by using the canonical basis of R?): (1/ \/5)(1, 1) and
(1/ \/E)( — 1, 1) (by Proposition 2.51, we know that these vectors are orthonormal).

The linear transform characterized by A, rotates any vector (or point in the plane) in
such a way that a, and a, coincide, respectively, with the vectors e; = (1,0) and
e, = (0, 1) of the canonical basis of R? (see Proposition 2.52). The right part of Figure
2.13 shows the pixel values of the transformed image, that is, the new pixel values after
the rotation.

0 5 0

Fig. 2.13 — Pixel value rotation.

Finally, as a consequence of the orthogonal matrix properties, for any x in E, the coor-
dinates of the pixel value f Fy 4(x) in the canonical basis of R? are the coordinates of the

pixel value f(x) in the basis formed by the column vectors of A (obtained by using the
canonical basis of RP). This is illustrated again in the left part of Figure 2.13.
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2.4 Some mathematical definitions and properties

To help the understanding of the definitions given in the previous sections, we recall some
important mathematical definitions such as mapping restriction, operations, linear vector
space, extended operations, and we recall some of their properties.

Mapping restriction

Let g be a mapping from U to V. Let A be a subset of U and B an element in [g(A), V].
A mapping f from A to B is said to be the restriction of g to A and B iff f(a) = g(a) for
any a in A. The mapping g is said to be an extension of f (generally, f may have more than

one extension). We denote by g/A, B the restriction of g to A and B; if B =V, this restric-
tion is called simply restriction of g to A and is denoted by g/A.

Figure 2.14 shows a mapping f: A — B restriction of a mapping g: U — V.

— A
U 8 \%4

g(A)

A f B
~

Fig. 2.14 — Mapping restriction.

A simple example of useful restriction mapping is the so—called insertion which is
the restriction of the identity mapping (Mac Lane & Birkhoff, 1967, p. 5). More precisely,

let A be a subset of U, the insertion i, : A — U is the mapping i, 2 1,/A.

Exercise 2.36 (relationship between restriction and composition) — By using the inser-
tion mapping definition prove that for any mapping g : U — V and any subset A of U,

g/A = goiy,. O

From the notion of mapping we can recall the notion of operation.
Operations

Let B and C be two non—empty sets and let / 2 {1} be the standard set with just one
element.

A mapping from C X B to B is called a binary operation on B.If C = B, the opera-
tion is internal otherwise, it is external with operand in C.

A mapping from B to B is called a unary operation (or operator) on B.
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A mapping from [ to B is called a nullary operation on B. We are used to denoting
by the same letter the nullary operation and the selected element in B. For example, let
e be an element of B, then we denote by e the nullary operation 1 — e.

Figure 2.15 illustrates by mean of block diagrams the above four types of operation.
In this figure, the nullary operation is denoted e, the unary operation 4, the internal binary
operation O and the external binary operation ..

e b h(b)
e h
B B B
a c | C
B aob b c.b
b B B B
B

Fig. 2.15 — Nullary, unary and binary operations.

Let o be an internal binary operation on a set B. This operation is said commutative
iff, for any a and b in B,

aob=boa
and it is said associative iff, for any a, b and c in B,
(aob)oc =ano((boo).

Figure 2.16 illustrates graphically the commutativity and associativity properties for

a binary operation 0.
b
a

@ (@aob)oc o
= @ ao (oo

Fig. 2.16 — Commutativity and associativity of a binary operation.

Sy Q
Q
O
Sy
Il

Il
Sy

Cc Cc
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An element u of B is a (two—sided) unit element for the internal binary operation o,
iff, for any b in B,

uob=>b=>bou.

If o has a unit element, then this element is unique since if ¢, and e, are two units,
then

e, = e oe, (e, being an unit)
= e,. (e, being an unit)

Figure 2.17 illustrates graphically the existence of a unit element « for a binary opera-
tion 0.

b u
u
u b

Fig. 2.17 — Unit element for a binary operation.

Let * be another internal operation on the set B. This operation is said distributive
over the operation O iff, for any a, b and c in B,

ax(boc)=(axb)ya(ax*c).

Figure 2.18 illustrates graphically the distributivity property over the binary opera-
tion O for a binary operation * .

a ° (a*b)0(a*c)
b () b
@ ax(boc) e

(*)

Cc

N

Fig. 2.18 — Distributivity of a binary operation over another one.

From the definitions of operation we can recall the axiomatic definition of linear vec-
tor space.

Linear vector space and inner product

Let R be the field of real numbers (with additive unit 0 and multiplicative unit 1). For
the definition of a field, see for example Royden (1968, p. 29).
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A set V equipped with an internal binary operation +, an external binary operation
- with operand in R and a nullary operation o which satisfy the following properties (Cag-
nac et al.,1963; Royden, 1968, p. 181; Luenberger, 1969, p.12) for any x, y, and z in V,
and o and B in R,

x+y=y+x (commutativity)
x+y)+tz=x+0@+2 (associativity)
o€V, x+0=x (unit element)

a-(x +y) = (ax) + (a.y) (distributivity over + on V)
(@ + B)x = (ax) + (B-x) (distributivity over + on R)
aBx) = (af)x (mixt associativity)

lx =x (unit element)

is a linear vector space over the field R of real numbers. This algebraic system is denoted
(V, +,.,0) or simply V when no confusion is likely to arise.

From the above axioms and the properties of the real numbers we can prove (Cagnac
et al., 1963, p. 282), that 0.x = 0 and a.0 = o.

We call + addition and - multiplication by scalars. The elements of V are called vec-
tors. The element (— 1).x is called the negative of x and is denoted by — x.

The set R of real numbers with their operations of addition and multiplication is a
linear vector space over itself.

The set R? of p—tuple of real numbers, with the extension to R” of the addition on R,
the external extension to R” of the multiplication on R and the nullary operation extension
on R” of the nullary operation 0 on R, is a linear vector space on R.

The addition, multiplication and nullary extensions we are referring to are recalled
below.

If a is p-tuple, its i element is denoted by a, Conversely, if a,denotes the i element
of a p—tuple, then the p—tuple is denoted by (a;). That is we have a = (a,).

The addition + on R?, extended from the addition on R, is defined by, for any a and
b in R?,
a+b=(a+b).
The external binary operation - on R” with operand in R, called scalar multiplication,
extended from the multiplication on R, is defined by, for any a in R” and any a in R,
aa2 (aa;).
The nullary extension on R? of the nullary operation 0 on R, produces the p—tuple (0,).

The set of vectors of the plane with their usual operations of addition and multiplica-
tion by scalars is a linear vector space over R. Figure 2.19 illustrates these operations.
Each arrow is a representative for a vector.
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YA e B

Fig. 2.19 — Operations on vectors of the plane.

A linear combination of p vectors vy, v,, ..., v, in a linear vector space over R is a
vector of the form a,.v, + a,v, + ... + a,v,, where a,, a,, ..., a, are any real numbers.

A set of p vectors v, v,, ..., v, is linearly independent iff, for any a; in R,
i=12,..p,

v, + o, + .o ta,y, =0 = (a,a,..,a,) = (0,0,..,0).

If a set of vectors vy, v,, ..., v, is not linearly independent, we say that it is linearly
dependent, that is, for some a;in R, i = 1,2, ..., p,

(@, ay,...a,) # (0,0,..,0) and a,.v, + a,v, + ... + a,v, =o0.

A finite set of vectors in a linear vector space V over R is a basis for V iff they are
linearly independent and any vector in V'is a linear combination of them. We use the script
letters, like 7, to denote a basis in a linear vector space.

If a linear vector space V has a basis, the a;’s that determine a vector x in V are unique
(Cagnac et al., 1963, p. 291) and are called the coordinates of x in the basis.

Forany i = 1,2,...,p, let e, be the vector in R” defined by,

e; 2 o,...,0,1,0,...,0) with 1 at the jth position.
The set of e;’s is an example of basis for R, this basis is called the canonical basis
for R”, and will be denoted 6.

Exercise 2.37 (p—tuple coordinates in the canonical basis) — Let a be a vector in the linear
vector space R?, and let a, a,, ..., @, be its coordinates in the canonical basis. Prove that
forany i = 1,2,...,p, a; = a;. O
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Solution — Under the assumptions,

(aj,ay,...,a,) = a;-e; +aze, + ... +ape, (coordinate definition)

= a,-(1,0,..,0) + ... +,(0,0,...,1) (def. of the e/s)

= (a,,0,...,0) + ... +(0,0,...,a,) (def. of the .)

= (a;, 0y, ..., Ap), (definition of +)

that is, for any i = 1,2, ...,p, a; = a; by p—tuple equality. O

We denote by (x)? the it coordinate of a vector x in a basis .
With this notation, Exercise 2.37 becomes (a)? = q;forany i = 1,2, ...,p.

We denote by [x]¢ the row matrix of coordinates in a basis 1" of a vector x,

[xX]e 2 (@), @7, ..., )71,

and we denote by [x]qf[ its column matrix of coordinates,
(),
! 2 @ |
),

From Exercise 2.37 we have,
lalg = [a, a; ... a,].

If a linear vector space V has a basis of n vectors, then all the basis of V have the same
number of vectors and this number is called the dimension of V (Cagnac et al., 1963,
p. 293).

Let us recall now the definitions of an inner product and Euclidian vector space.

Definition 2.38 (inner product) — Let x and y be two vectors of a linear vector space V
over the field R real numbers, the element of R denoted by < x,y > is a inner product
of x and y, iff, for any x, x,, x, andy in Vand a in R,

<xy>=<yx> (commutativity)
<X+ X5y >=<x,y> +<x,y> (dist. over + onV)

<ax,y>=a<uxy> (mixt associativity)
x#Z0 = <x,x>>0. (positiveness)
O

From the above definition we observe that, for any xin V, < 0,x > = 0.

Let x and y be two vectors in the plane. If I, denotes the length of a vector x and 0,
the angle between two vectors x and y, then product of x and y defined by

<x,y > = LlcosH,, (2.5)

is an example of inner product.
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The product of two vectors @ and b in the linear vector space R” defined by

<ab > L2 ab, +ab, + ... + a)b, (2.6)
is another example of inner product.

Definition 2.39 (Euclidian vector space) — A linear vector space equipped with the op-
eration (x,y) = < x,y >where < x,y > is an the inner product of x and y, is called
an Euclidian vector space. O

The vectors x and y of an Euclidian vector space V are said orthogonal iff
<x,y>=0.

We observe that if x and y are orthogonal then, for any a in R, x and a.-y are also ortho-
gonal. In particular, any vector x is orthogonal to o and there is no other vector sharing
this property.

For example, the vectors (1, 0) and (0, 1) of the Euclidian vector space R? with the
inner product defined by Expression (2.6) are orthogonal since < (1,0),(0,1) > = 0.

A set of vectors is orthogonal iff the vectors in this set are two by two orthogonal.

For any x in V, the norm of x, denoted by || x

x| 2/<xx>.

For the vectors in the plane, by using the inner product defined by Expression (2.5),
we have || x ||= 1,.

, is the element of R given by

Exercise 2.40 (norm property) — Using an inner product axiom, prove that for any x in
V,

I l=1 = x| O

We have the interesting following properties. For the proof of the Cauchy Schwarz
inequality see Cagnac et al. (1965, p. 22 and p. 34).

Proposition 2.41 (norm properties) — For any x and y in V and a in R, we have
Ix][=0 = x =0,

, (Cauchy Schwarz inequality)

l<xy>1<|x||y

lx+y[P=lx]*+2<xy> +]yl,

lax = a* x> O
We observe that x and y are orthogonal iff || x + y |* =]/ x|* +|y |*

Exercise 2.42 (norm property) — Using an inner product axiom and the norm properties
of Proposition 2.41, prove that, for any x andy in V, and & and § in R,

lax + By = a* x| +2af <xy > + |y =

A set of vectors is orthonormal iff it is orthogonal and each vector in the set has norm
equal to unity.
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One can prove (Cagnac et al., 1965, p. 12 and p. 37) that if an Euclidian vector space
is of finite dimension, then it has at least one orthonormal basis.

Proposition 2.43 (coordinates of a vector in an orthonormal basis) — Let v, v,, ..., v, be
a set of vectors forming an orthonormal basis of an Euclidian vector space. If a;is the
coordinate of x with respect to the vector v,, then for any i = 1,2,...,p, we have
a;, =< x,v; >. O

Proof — Under the proposition assumptions, for any i = 1,2, ...,p,

<x,v;>=<qpv, +av,+ .. +a,v,v > (coordinate definition)

=< av,v, > +<av,v; > + .. +<a,v,v;, > (distributivity)

a; <vLv, > +a, <vy,v, >+ .. +a, <v,v,> (mixt assoc.)
= Qa; (the v;’s form an orthonormal basis)
O

Let v, be the i vector of an orthonormal basis N , then from Proposition 2.43, we
see that its coordinates are 0 except the i which is 1. In symbols,

vy = 10,..,0,1,0,...,0] with 1 at the jth position.

Exercise 2.44 (expression of the inner product in an orthonormal basis) — Let
a,,a,, ...,a, be the coordinates of a vector x, and let 8,,0,, ..., 3, be the coordinates of
a vector y in an orthonormal basis of an Euclidian vector space. Show that

<xy>=af taf,+.. +ap, O
Using the notation of row matrix of coordinates the above expression can be written
t
< x’y > = [x]NLY]N’
where N is any orthonormal basis.

The linear vector space R” is called Euclidian iff its canonical basis is orthonormal
(Cagnac et al., 1965).

As a consequence of Exercises 2.37 and 2.44, we have the following proposition.

Proposition 2.45 (expression of the inner product in an Euclidian vector space of p—tu-
ples) — If R” is Euclidian, then for any two vectors @ and b,

<ab>=ab, +ab,+ ..+ ayb, O

Extended operations

By using the concept of mapping, we can construct new operation from simpler one.

Let A be a non—empty set. From operations on B we can construct new operations on
the set of mappings from A to B.

Let 0 be an internal binary operation on B, for any fand g in B, and any a in A, let
(f o g)(a) be the expression defined by

(fo g)a) = f(a) O g(a).
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The internal binary operation on B*, given by (f, g) — f 0 g is called the extension
to B* of the internal binary operation 0 on B. We will denote it by 0O, or simply by o if
no confusion is likely to arise.

Let . be an external binary operation on B with operand in C, for any ¢ in C, fin B,
and any a in A, let (c.f)(a) be the expression defined by

(eN@ = cf(a).

The external binary operation on B* with operand in C, given by (c, f) — c¢.fis called
the external extension to B* of the binary operation . on B. We will denote it by .. or
simply by . if no confusion is likely to arise.

Let & be a unary operation on B. The unary operation from B* to B*, given by
f > hofis called the extension to B* of the unary operation h on B. We will denote it
by hp. or simply by 4 if no confusion is likely to arise.

Let e be an element of B, let e be the corresponding nullary operation on B and let
e (we use again the same notation) be the constant mapping a — e in B*. The nullary op-
eration on B*, given by 1 — e is called the extension to B* of the nullary operation e on
B. We will denote it again by the same symbol e. In other words, this extension e select
in B* the constant mapping assuming the value e in B.

Figure 2.20 illustrates by mean of block diagrams the above extensions for the four
types of operation. Each gray block represents the resulting mapping of an operation, its
interior shows how the mapping is obtained.

e hof
a e a h(f(a))
e f A
A B A B
b B
fog
f b.f
a fl@og@ a b.f(a)
fH -
A B A B
8

Fig. 2.20 — Operation extensions.
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The above process of extension of operations on B to operations on B” is attractive
because it preserves the usual operation properties.

Proposition 2.46 (commutativity extension) — Let A be a non—empty set. If 0 is a com-
mutative operation on B, then its extension to B* is commutative. O

Proof — For any fand g in B*, and for any a in A,

(f o g)a) = fla) o gla) (extension definition)

= g(a) o f(a) (commutativity of o on B)

= (g o fa). (extension definition)

This prove the commutativity of the extension of O to B*. O

Proposition 2.47 (associativity extension) — Let A be a non—empty set. If Ois an associa-
tive operation on B, then its extension to B* is associative. O

Proof — For any f, g and 4 in B*, and for any a in A,

(fo g o h(a) = (o gla) o ha) (extension definition)

= (f(a) 0 g(a)) O Ka)), (extension definition)

= f(a) o (g(a) O h(a)), (associativity of O on B)

= f(a) o (g O h)(a), (extension definition)

= (fo (g o h)(a). (extension definition)

This prove the associativity of the extension to B*. O

Proposition 2.48 (unit element extension) — Let A be a non—empty set. If a nullary opera-
tion u on B selects the unit element of an internal binary operation o on B, then the exten-
sion to B* of u selects the unit element of the extension to B* of o on B. O

Proof — For any fin B%, and for any a in A,
(f o w(a) = fla) o u(a) (extension definition)
= f(a) o u (definition of the extension of u)
= f(a). (unit element of o0 on B)
This prove that  is the unit element of the extension to B* of o on B. O

By combining extended operations and composition we can get the following useful
result (see Chapter 4).

Exercise 2.49 (distributivity of the composition over an extended binary opera-
tion) — Let A and B be two non—empty sets.

1. Prove that if 0 is an internal binary operation on C, then its extensions to C* and
C* satisfy, for any fin B%, and any g, and g, in C?,
(81088)0f = (810f) Opa (8200

2. Prove that if . is an external binary operation on C (with operand in D), then its
extensions to C* and C” satisfy, for any fin B*, any g in C” and any « in D,

(@-p8)of=a-a(@gof). U
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As a direct consequence of Exercise 2.49 we have the following result.

Exercise 2.50 (restriction property) — Let B and C be two non—empty sets, and let A be
a subset of B. Prove that for any g, and g, in C?,

(& Uer g)/A = (g,/A) Hea (82/A),
(Hint: combine the results of the Exercises 2.36 and 2.49). O

Orthogonal matrix and diagonal form

A real square matrix A is orthogonal iff its inverse is equal to its transpose (rows and
columns are interchanged), that is,

Al = Al
or, equivalently,
A'A = AA' = |, 2.7
where [ is the identity matrix (i.e., a square matrix with 1 along its diagonal and 0 outside).
If A is an orthogonal matrix p by p, then from Expression (2.7), we have z a,;’ =1

JEP

for any k € p.

The matrix %[i _1 1] is an example of orthogonal matrix.
v

The orthogonal matrices play an important role in the diagonalizing process of a sym-
metric matrix.

A matrix A is symmetric iff it is equal to its transpose, that is,
A=Al

The matrix [10

3. . .
3 1o |1san example of symmetric matrix.

LetAbea p X p real matrix, then a column vector of A with respect to a given basis
of R” is a vector whose coordinates in that basis are the elements of a column of A.

For any symmetric matrix X, one can prove (Stein, 1967; Graybill, 1969, p. 48) that
there exists an orthogonal matrix A such that

ASA) = A,

where /1 is a diagonal matrix (i.e., a square matrix with O outside the diagonal). The diago-
nal elements of A are the eigenvalues of 2 (i.e., the roots A’s of I — AIl = 0, where |Al
means determinant of A) and the column vectors of A in a basis 9" are the corresponding
eigenvectors (i.e., the solutions a’s of Z‘[a]qfl = l.[a]qfl).

Furthermore the traces of X' (i.e., the sum of the diagonal elements) and A are equal.

In (Bolch & Huang, 1974, pp. 38—40) one can find a routine to compute the eigenva-
lues and eigenvectors (in the canonical basis) of a symmetric matrix.
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We now recall two interesting properties of the orthogonal matrices.

Proposition 2.51 (orthogonal matrix column property) — The column vectors in an ort-
honormal basis N of the vector space R” of an orthogonal p X p real matrix form an ort-
honormal set of vectors. O

Proof — Let A be aorthogonal p X p real matrix and let @, a,, ..., a, be its column vectors
in an orthonormal basis N of the vector space R”. We have the following equalities,

la ]y
[< a,a; >] = |“@2dx|[fa,1, [@y1x" - Ta1x' ] (Exercise 2.44)
[ap]_y\{
=A'A (definition of the a;’s)
=1 (orthogonality of A)
Therefore, < a;,a; > is 0 for any i # j and 1 otherwise. O

Proposition 2.52 (linear transform of the column vectors of an orthogonal matrix) — Let
Vi, Vo, ..., ¥, be aset of vectors forming an orthonormal basis N 'of a the linear vector space
R’. Let A be an orthogonal p X p real matrix and let @, a,, ..., a, be its column vectors
in N'.Forany i = 1,2, ..., p, the transform of a, through the linear mapping characterized
by A is v,, that is,

[alxA =[] O

Proof — We have the following equalities,

la,]y
[“%].N A =AU (definition of the a;s)
[ap]_y\{
=] (orthogonality of A)
vily
= |2l (Proposition 2.43)
[Vp]_N“

O
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Pointwise enhancement

Sometimes, the image brightness and contrast have to be adjusted in order to achieve
visual enhancement. This adjustment is done by pointwise operators or by spatially in-
variant pointwise operators. A spatially invariant pointwise operator is characterized by
a so—called look—up—table, or lut for short. Its properties depend on the properties of its
lut. So we begin to study the luts.

3.1 Look—up-table

In Chapter 1, we have seen that a gray—scale with p gray—levels, together with the binary
relation “is darker or equal than” is isomorphic to the interval [0, p — 1] with the usual
ordering on the natural numbers.

In Chapter 2, we have considered the interval [0,p — 1] as a subset of the set R of
real numbers and we have defined, in this way, the notion of real image.

In this chapter, the sets [0,p — 1] and R will be treated separately and will be called,
respectively, discrete gray—scale and continuous gray—scale. We will use the letter K to
represent generically a gray—scale or sometimes to represent an interval of natural num-
bers.

Definition 3.1 (look—up—table) — A look—up—table or lut or palette is a mapping between
two gray—scales which can be the same or not. O

In what follows, we will consider the luts between two identical gray—scales forming
with an internal binary operation and a nullary operation a commutative monoid. More-
over, we will characterize the luts which are morphisms of that binary operation viewed
as an external binary operation.

61
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Let (K, -, e") be a commutative monoid. From the morphism definition, a lut / from
Kto K'is a morphism for the operation . viewed as an external binary operation (with oper-
and in K) iff, for any s and § in K,

1B-s) = B-U(s).
Let [ be a mapping from K to K, we denote by a, the expression defined by
a, = I(e).
Let a and s be two elements in K, we denote by /,(s) the expression defined by
1,(s) = s.a.

Proposition 3.2 (characterization of the luts which are morphisms of an external opera-
tion) — Let (K, ., ¢") be a monoid and let M (K, K) be the set of luts from K to K which are
morphisms for the operation . viewed as an external binary operation (with operand in
K), then the mapping / — a, from M (K, K) to K is a bijection and its inverse is a — [,,.

O

Proof — 1. For any / in M (K, K), a,is an element of K.

2. For any a in K, the mapping s — [,(s) is in M (K, K) as we can see below. For any s
and § in K,

1(B-5) = (B-5)-a (definition of [,(s))
= B.(s-a) (associativity)
= B.1,(s). (definition of [,(s))

3. Let I be in M (K, K), for any s in K

lo(s) = sa, (definition of 1,(s))
= s.l(e) (definition of a))
= I(s-e") (lis in M (K, K))
= I(s), (e’ is a unit element of .)

that is, / = a, is an injection.

4. Let a be in K,

a,, = le") (definition of a))
=e.a (definition of [,(s))
=aqa (e’ is a unit element of .)

that is, [ = a, is a surjection. O

The characterization presented in Proposition 3.2 is important because it shows that
each lut which is a morphism as described in this proposition reduces to a unique parame-
ter, the value of which is a gray-level.
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Additionally, if K is equipped with another internal binary operation 0 and another
nullary operation e, then, under some specific conditions, we have the following interest-
ing consequence of Proposition 3.2.

Exercise 3.3 (characterization of the luts which are morphisms of two binary operations
and of one nullary operation) — Let (K, O, -, ¢, ") be a set K equipped with two internal
binary operations O and -, and two nullary operation e and ¢’, and let M, (K, K) be the
set of luts from K to K which are morphisms for the binary operation o, the nullary opera-
tion e and the binary operation . viewed as an external binary operation (with operand in
K). Prove that if . is distributive over O, (K, -, ¢') is a commutative monoid, and e.s = e
(for any s in K), then the mapping / — a, from M, (K, K) to K is a bijection and its
inverse is a — [,. (Hint: prove that M, (K, K) is M (K, K)). O

The result stated in Exercise 3.3 can be applied to the luts which preserve the linear
vector space structure or the luts which preserve some commutative monoid structures
in the lattice structure.

We begin defining and characterizing the luts which are linear mappings, that is the
luts that preserve the linear vector space structure.

We know that the set (R, +, -, 0) of real numbers is a linear vector space. Therefore,
we can apply Definition 3.60 to the luts.

Definition 3.4 (linear luts) — A lut [ from (R, +,.,0)to (R, +, ., 0), is linear iff, for any
s, tand a in R,

s+ 1) =1Is)+ 1) and Il(as) = al(s). O
From Exercise 3.61, a linear lut [ verifies /(0) = O.

Let [ be a mapping from R to R, we denote by a, the expression defined by

a, = 1(1).

Let a and s be two elements in R, we denote by /,(s) the expression defined by

1,(s) = s.a.

Proposition 3.5 (characterization of the linear luts) — The mapping / — a, from L(R, R)
to R is a bijection and its inverse is a — [,,. O

Proof — The algebraic structure (R, +,.,0, 1) and the set L(R, R) of linear luts, satisfy
the assumptions of Exercise 3.3, therefore, the result of that exercise applies to the linear
luts. O

Figure 3.1 shows two linear luts /, and /, with their parameters a I and a Iy

We go on defining and characterizing the luts which are dilations, erosions, anti—dila-
tion and anti—erosion, that is the luts that preserve some commutative monoid structures
in the lattice structure.

In the discrete case, we can consider the general case where the luts are mappings
between two different gray—scales. Later on, we will return to the case of two identical
gray—scales.
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(0,0

Fig. 3.1 — Two linear luts.

Let K, = [0, k] C Zand K, = [0, k,] C Z. Let (K, =) and (K,, <) be the poset
under the usual partial order on the set Z of natural numbers.

By Proposition 3.43, (K, <) and (K,, <) are two lattices. For each one, we denote,
respectively, the union V. and intersection A with respectto <, simply by V and A . For
example, if K, = K, = [0,3],then 1 V2 =2and 1 A2 = 1.

Furthermore, by Proposition 3.49, the V’s on K, and K, have 0 as unit elements
and Aon K, has k, as unit element, and Aon K, has k, as unit element.

In other words, in the lattice (K, V, A ) we can identify the two idempotent and com-
mutative monoids (K, V,0)and (K;, A, k,). In the same way, in the lattice (K,, V, A)
we can identify the two idempotent and commutative monoids (K,, V,0)and (K,, A, k,).

Therefore, we can apply Definition 3.62 to the luts.

Definition 3.6 (elementary morphological luts) — A lut [ from (K, V,0)to (K,, V,0)is
a dilation iff, for any s and ¢ in K|,

(s V1y=1Is) V Ir) and [(0) = 0;

a lut from (K, A, k) to (K,, A, k,) is an erosion iff for any s and ¢ in K|,
I(s Nty =1s) NI(t) and (k) = ky;

a lut from (K, V,0)to (K,, A, k,) is an anti—dilation iff for any s and 7 in K,
s Vi1)y=1s) NIl and [0) = ky;

a lut from (K, A, k) to (K,, V,0)is an anti—erosion iff for any s and 7 in K|,
Is ANty=1s) VvV I(t) and [(k) = 0.

The luts which are dilations, erosions, anti—dilations and anti—erosions are called ele-
mentary morphological luts. O

Proposition 3.66 applies directly to the characterization of the elementary morpho-
logical luts.
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Proposition 3.7 (characterization of the elementary morphological luts) — Let K, and K,
be, respectively, two discrete gray—scales [0, k,] and [0, &,]. Let (K,, <) and (K,, <) be
the lattices corresponding to the usual partial order on the set N of natural numbers. Let

[ a mapping from K, to K,, then we have the following statements:

[ is a dilation <> [ is increasing and /(0) = 0
[ is an erosion <> [ is increasing and I(k,) = k,
[ is an anti—dilation <>/ is decreasing and /(0) = k,

[ is an anti—erosion < [/ is decreasing and I(k,) = 0. O
Figure 3.2 shows two samples in each class of elementary morphological luts from
K, ={0,1,2,3,4,5,6,7} to K, = {0,1,2,3}. We see that the graph of the dilation
(resp., erosion, anti—dilation, anti—erosion) contains the point (0, 0) (resp., (7, 3), (0, 3),

(7,0)).

dilations erosions anti—dilations anti—erosions
3 g g [ o [ o
K, - - "~ "~
0
3 o
K, oloterd | | wielole| [ | | Mol
0 [etetetels Lo
0 7 0 7 0 7 0 7
K, K, K, K,

Fig. 3.2 — Some elementary morphological luts.

The next proposition gives the number of elementary morphological luts.

Proposition 3.8 (number of elementary morphological luts) — Let K, and K, be two
finite chains, and let k;, = (#K,) — 1 and k, = (#K,) — 1. Let N(k,, k,) be the number
of luts in a given class of elementary morphological luts from K, to K,, then for any
k, = land k, = 1,

_(ky + k)!
N(ky, ky) = —kl!kz! . O
Proof — See Proposition 1.6 of Banon (1995). O

Because of the very large number of elementary morphological luts, it is interesting
to define some parametric classes. We present some examples from the literature in the
case K, = K, = K = [0,k].

Forany zin K, let C* and C ~ be the classes of binary operations from K? to K defined
by, respectively,

LA |G sh=>n+z=1+z (¢, €K)) and
tec ©{(0+z=0)
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and

_ee- A {(s15s2=>s1—15s2—z(sl,szeK)) and
k—z=k).

Exercise 3.9 (elementary morphological luts) — For any z in K, let [*be a mapping from
K to K defined by, for any ¢ in K, 17 (¢) 2 ¢+ z with + € C*,andlet [ bea mapping
from K to K defined by, for any s in K, [~ (s) 25— z, with — € C~. Using Proposition
3.7, prove that [*is a dilation and [~ is an erosion. O

Some examples of binary operations belonging to €™ are given below, and Figure 3.3
shows the corresponding luts r — ¢ +‘zand s — s — 'z for a given z.

1. Heijmans’ addition for upward shift (1991, 1994)

0 if t =0,

t+z ifr>0and r+ z <k,
k ift+z>k

+h(h) oS

2. Heijmans’ addition for downward shift (1991, 1994)

0 if t —z<0,

2. 2, 4 — ) =
+% (>t +2z=0V (¢ —2) [t_z f0<1-2

3. Bloch and Maitre (1992), and Baets et al. (1994)
+3% (t,n)—>t+3z 24 A z
4. Banon (1995)

+4 ()t +iz 2 0 ¥ft—zs 0
t if0<t—-z
Some examples of binary operations belonging to C~ are given below.
1. Heijmans’ subtraction for downward shift (1991, 1994)
0 if s<kand s —z <0,
- (s> s =1z s—z ifs<kand 0 <s—z<k
k if s = k.

2. Sinha and Dougherty (1991), and Heijmans’ subtraction for upward shift (1991, 1994)

|l

s+z if s+z=<k,

2 » A
- s —"z=kAN(@s+2 =
(5,2) =5 ="z (s +2) [k if s+2z> k.

3. Banon (1995)

_s. (sz)'—>s—3zé s ifs—z<0,
’ k if0<ss—z

4. Bloch and Maitre (1992), and Baets et al. (1994)

A
-4 (s,0)>s—%7=sV z
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dilation erosion
7 r® »
K Heijmans Heijmans
t—>t+'1 s—=>s—11
0 < o
7 Te
Sinha & Dougherty
K Heijmans Heijmans
t—>1+21 s—>s =21
0 |*
7 pro-—-oro
Bloch & Maitre /
K Baets et al. / Banon
11 t—~t+33 s—>s—33
0
7
Bloch & Maitre
Banon Baets et al.
K ] oo o s
t—>1+43 s—>s—4*3
0 ‘/
0 7 0 7
K K

Fig. 3.3 — Some compagnion luts.

We say that + € C* and — € C~ are companions iff for any 5,7,z € K,
t+z=ss =S t=ss—2z
For example, the above operations +'and — ' are companions forany i = 1,2,3,4.

For a given z € K, we say that the luts ¢ — ¢ + zand s — s — zare companions iff
+ € C* and — € C~ are companions.

For example, for a given i € {1,2,3,4} and z € K, the luts ¢t~ +'z and
s —> 5 — 'z are companions.

In Figure 3.3, the dilations and erosions on each row are companions.
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The result of Exercise 3.3 also applies to the case of a discrete gray—scale when we
consider the set of luts which are at the same time dilations and morphisms for the external
operation of intersection or at the same time erosions and morphisms for the external op-
eration of union.

Let d and e be mappings from K to K, we denote by a,and a, the expressions defined
by

A

a,2dk) and a, = e(0).

Let a, s and ¢ be elements in K, we denote by d,(¢) and e,(s) the expressions defined
by

dn=2tAa and e s)=sVa

Proposition 3.10 (characterization of the luts which are dilations and morphisms for the
external operation of intersection) — Let K = [0,k] C Z.Let V and A be the operations
of union and intersection derived from the usual order between the natural numbers. Let
M, ..o(K, K) be the set of dilations which are morphisms for the operation A viewed as
an external binary operation (with operand in K). Then the mapping d — a, from
M, .. o(K,K) to K is a bijection and its inverse is a —> d,,. O

Proof — The algebraic structure (K, V, A, 0, k) andtheset M, , (X, K) of luts which are
dilations and morphisms for the operation A viewed as an external binary operation (with
operand in K), satisfy the assumptions of Exercise 3.3, therefore, the result of that exercise
applies to the luts which are dilations and morphisms for the external operation of inter-
section. O

Hence, from Proposition 3.10, the luts from K to K of the form t = ¢ A a (witha in
K) are dilations. We observe that these luts are the luts presented above using the operation
+°.

In a similar way, we can characterize the luts which are erosions and morphisms for
the external operation of union.

Proposition 3.11 (characterization of the luts which are erosions and morphisms for the
external operation of union) — Let K = [0,k] C Z. Let V and A be the operations of
union and intersection derived from the usual order between the natural numbers. Let
M, v «(K, K) be the set of erosions which are morphisms for the operation V viewed as
an external binary operation (with operand in K). Then the mapping e — a, from
M, , «(K,K) to K is a bijection and its inverse is a —> e,. O

Hence, from Proposition 3.11, the luts from K to K of the form s — s V a (with a
in K) are erosions. We observe that these luts are the luts presented above using the opera-

tion —*.

Before ending this section we want to introduce some operations on the luts.
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In the continuous case, the addition + on R can be extended to RR (see Section 2.4),
resulting in an internal binary operation on the set of luts, that we call addition and we
denote by +. In the same way, the multiplication on R can be extended to R¥, resulting
in an external binary operation on the set of luts, with operand in R, that we call multi-
plication by a scalar and we denote by ..

Figure 3.4 illustrates the result of these operations on linear luts.

R ‘ [+ m R ‘
l Sm
1.2
1 1
2 / m 2 m
0.0) 1 R 0.0) 1 R

Fig. 3.4 — Sum of two linear luts and product of a linear lut by a scalar.

The nullary operation 0 on R (that selects 0), can be extended to RF, resulting in a
nullary operation that selects the constant lut s — 0. We denote this lut by o.

As in the case of the real images of Chapter 2, the algebraic structure (RE, +,.,0)
consisting of the set of luts equipped with the above three operations is a linear vector
space.

Exercise 3.12 (subspace of linear luts) — Prove that the algebraic structure
(L(R,R), +,-,0) is a subspace of the linear vector space (R¥, +, -, 0). O

Solution — Parts of Propositions 3.67 and 3.68 apply to the set of luts, in other words,
M, (R,R)and M (R, R) are + g—closed and . g—closed. Consequently, by Proposition
3.55 their intersection which is L(R, R) is also +  g—closed and . gr—closed. Hence, by

Proposition 3.53, (L(R,R), +, -, 0) is a subspace of (R®, +,,0). O

In the discrete case, by Propositions 3.72, the poset (K, 1, = or simply (K,"1, <),
is a lattice and we can introduce the following four operations on the set K, 1.

The lut union, denoted by V, is the union on (K zK', <), or equivalently, the extension

to KZK‘ of the union V on K,.

The lut intersection, denoted by A, is the intersection on (KZK‘, <), or equivalently,

the extension to KZK‘ of the intersection A on K,.
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The least lut selection, denoted by o, is the extension to K,*1 of the nullary operation
on K, which selects the value 0. This operation selects the least lut, that is, the constant
lut, s — 0. We denote by o this lut.

The greatest lut selection, denoted by i, is the extension to K,*1 of the nullary opera-
tion on K, which selects the value k,. This operation selects the greatest lut, that is, the
constant lut s — k,. We denote by i this lut.

Figure 3.5 shows two distinct luts / and m from K, = {0,1,2,3,4,5,6,7} to
K, = {0,1,2,3}, and their supremum and infimum

l m IV m I ANm
3 Te -()--o oJo
ole oo ololo| [o]o
K, ol e e oloNofo olole
0 Lo 0 olo Lo
0 7 0 7 0 7 0 7
K, K, K, K,

Fig. 3.5 — Supremum and infimum of two luts.

Figure 3.6 shows the constant luts o and i from K, = {0,1,2,3,4,5,6,7} to
K, = {0,1,2,3}.

K, K,

Fig. 3.6 — Two constant luts.

In the lattice (KZK‘, V, A), we can identify the two idempotent and commutative
monoids (KZK‘, V,0) and (KZK‘, ALQD).

Exercise 3.13 (submonoids of the morphological luts) — Prove that the algebraic struc-
tures (D(K |, K,), V,0)and (EXK |, K,), V, 0) are submonoids of (KZK‘, V, 0) and that the
algebraic structures (E(K,,K,), A,i) and (D%K,,K,), A,i) are submonoids of
(K", AL i), 0
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Solution — Parts of Propositions 3.67 and 3.69 apply to the set of luts which are dilations,
in other words, the sets M, (K|, K,) and M (K}, K,) are V szl—closed and o szl—closed.

Consequently, by Propositions 3.55 their intersection which is D(K,,K,) is
also Vv szl—closed and o szl—closed. Hence, by Proposition 3.52, (D(K,,K,), V,0) is a

submonoid of (K,"!, V,0). The same arguments can be used for the others algebraic
structures. ]

3.2 Spatially invariant pointwise operator

Let K, and K, be two gray—scales (continuous or discrete — actually, in the first part of
this section we do not assume any algebraic structure on these two gray—scales), and let

K lE and KQE be two sets of images whose domain is E.

Any mapping ¢ from K “to K," transforms any image fin K into a unique image
Y(f) in K,". We call Y an image operator or simply an operator. We denote by

Op(K £, Ky, or sometimes simply by Op, the set of operators from K Lo K,F Figure
3.7 shows an image operator.

b g =y

E E

K, K,

Fig. 3.7 — An image operator.

One of the simplest and yet useful class of image operators is that of pointwise opera-
tors.

Definition 3.14 (pointwise operator) — An operator 1 from K,” to K," is pointwise iff, for
. . E
any yin E, and fand g in K,
JO) =28 = p(Hy) = Y. o

In other words, ¥ is pointwise iff the value of the pixel of the transformed image at
position y depends only on the value of the pixel of the original image at position y.

Let B € R, the mapping f+> f + (. is an example of pointwise operator from R*
to RE.

It is worthwhile characterizing the pointwise operators, i.e., finding a way to
construct them.
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Let i be an operator from K . to K. For any y in E, and s in K,, we denote by
Py(¥)(s) the expression defined by

A
Py = PN,
where fis any image of K . such that o) =s.

Let p be a mapping from E to K,"1. For any fin K", and yin E, we denote by ¥ ,(H)(y)
the expression defined by

YOO = PG 0 HY).

Proposition 3.15 (pointwise operator characterization) — The mapping ¢ + p,, from the

set of pointwise operators from K “to K," to the set of mappings from E to K,"lisa bijec-
tion. Its inverse is p — .. O

Proof — 1. For any pointwise operator i from K Fto KF, by definition, p, is a mapping
from E to KQK'.

2. For any p from E to K, 1, by definition, ¥, is an operator from K “to K,*, furthermore,

for any y in E, and f and g in K," such that f(y) = g(y),

Y,N») = () oNHB) (, definition)
= pO)F ) (composition definition)
= p((EH»)) (hypothesis)
= (p(y) 0 &) (composition definition)
= Y,(8)1), (3, definition)

that is, 1, is pointwise.

3. Let 3 be a pointwise operator from K Fto K", for any yin E, and fin K 5

¥, N0 = Py o HB) (,, definition)
= p,(MF»)) (composition definition)
= YN, (p, definition)

that is, ¥ — p,, is an injection.

4. Letp be a mapping from E to K,"1, for anyyinE, sin K, and fin K" such that f(y) = s,

Py, () = ¥,(H() (p, definition)
= (p») o H) (, definition)
= pOMIK)) (composition definition)
= p(y)(s), (hypothesis)

that is, ¥ — p,, is a surjection. O
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Most of the useful pointwise operators are spatially invariant.

Definition 3.16 (spatially invariant pointwise operator) — A pointwise operator 1 from

K,"to K," is spatially invariant iff for any y, and y, in E, and any fin K"
FO) = fG) = pOO) = pH)-

We denote by IP(K £, K, the set of spatially invariant pointwise operators from K £
to K zE. O

The spatially invariant pointwise operators have the following equivalent definition.

Proposition 3.17 (equivalent definition of the spatially invariant pointwise operator) — A

pointwise operator ¢ from K Fto K, is spatially invariant iff there exists a lut / from K,
to K, such that for any y in E, p,(y) = [. O

Proof — 1. Letus prove thatify from K Fto K, isa spatially invariant pointwise operator
then there exists a lut / from K, to K, such that for any y in E, p,(y) = L

Let s be any gray—level in K and let y be any point in E. We can find a point y’ in E

and an image g in K," such that g(y") = 5. We can also find an image fin K,” such that
f(») = s and f(y") = s. For such s, let [(s) be the expression given by,

A !
I(s) = p(e)Y).
This expression defines a mapping / from K, to K,. Let us show that p,(y) = L

For the above s and y, we have,

Py = YH(©Y) (p, definition)
= YN (y is spatially invariant)
= Y0 (¥ is pointwise)
= 1(s). (I(s) definition)

2. Let ¢ be a pointwise operator from K [ to K,". Let us prove that if there exists a
lut / from K, to K, such that for any y in E, p,(y) = [ then 9 is spatially invariant.

Let y, and y, be any points in E and let f be in K," such that f(O1) = f(y,). Then
we have,

YO = pyy)F ) (p, definition)
= I(f(y1) (hypothesis on p,)
= I(f(y2) (hypothesis on f)
= py(y)(f(y2) (hypothesis on p,)
= Y(H (). (p, definition)

O
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In the case of spatial invariance, the pointwise operator characterization is simpler.

Let 1 be an operator from K “to K,". For any s in K, we denote by [,(s) the expres-
sion defined by

A
Ly(s) = p(H),
where y is one particular element of E, and fis any image of K . such that o) =s.

Let/bealutfrom K, to K,. Forany fin K £, we denote by ¥ (f) the expression defined
by

vih = 1o,
Proposition 3.18 (spatially invariant pointwise operator characterization) — The map-
ping ¢ — [, from the set IP(K FLKSD) of spatially invariant pointwise operators (from K £
to KZE) to the set of luts from K, to K, is a bijection. Its inverse is [ — 9, O

Proof — 1. For any ¢ in IP(K FKD), by definition, [, is a mapping from K, to K.

2. For any /in K, 1, by definition, ¥, is an operator from K Fto K,*, furthermore, for any
yin E, and fand g in K,” such that f(y) = g(y),

YOO = Lo HB) (¢, definition)
= I(f(y) (composition definition)
= 1(g(y) (hypothesis)
= (log)y) (composition definition)
= YV, (v, definition)

that is, ¥, is pointwise.

Furthermore, for any y in E, s in K, and fin K . such that o) = s,

Py () = PHY) (p, definition)
= ({oH) (¢, definition)
= I(f(y) (composition definition)
= [(s), (hypothesis)

that is, by Proposition 3.17, 9, is pointwise and spatially invariant.
The rest of the proof is similar to Parts 3 and 4 of the proof of Proposition 3.15. O
Figure 3.8 shows three ways of representing a spatially invariant pointwise operator.

Exercise 3.19 (spatially invariant pointwise operator properties) — Prove that the class of
spatially invariant pointwise operators from K*to K*is closed under the composition. By
Proposition 3.18, it is sufficient to prove that for any luts / and m from K to K,

wlowm = wlo;n' o
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N\
o — ¥ - — v -
\r/ \l I

I
! ! I,

Fig. 3.8 — A spatially invariant pointwise operator.

Before ending this section, we will state two propositions that will be useful for the
next section. The first proposition is about morphism properties of the construction
| — 1, and the second one is about closure properties of the spatially invariant pointwise
operators.

In order to be able to talk about the morphism properties of [ — 1, we now assume

that K, is equipped with some operations and we extend them to the set Op(K FLKL") of
image operators. For the moment, we do not need to make any algebraic assumption on
the gray—scale K.

Let 0 be the extension to K," of an internal binary operation o0 on K,. We denote by
Oy, or simply by 0 when no confusion is likely to arise, the extension to the operators from

K," to K," of the internal binary operation O on the images in K,".

In the same way, let .be the extension to K," of an external binary operation -on K,
with operand in set C. We denote by .o, or simply by . when no confusion is likely to arise,

the extension to the operators from K “to K," of the external binary operation -on the

images in K", with operand in C.

Finally, let e be the extension on K," of a nullary operation e on K,. We denote by
€, Or simply by ¢ the extension to the operators from K [ to K," of the nullary operation
e on the images in K,". This operation selects the operator & which produces the constant
image e.

Figure 3.9 shows the above internal and external binary operations on operators.

Yoo

Fig. 3.9 — Internal and external binary operations on image operators.
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Proposition 3.20 (morphisms between luts and operators) — Let £ and K, be two non—
empty sets.

1. If (K,,0) is a set equipped with an internal binary operation, then the mapping
| — vy, from the set of luts from K, to K, to the set of operators from K lE to K 2E is amorph-

ism from (KZK‘, 0) to (Op(KlE, KQE), o). That is, we have, for any luts / and m from K,
to K,,

wlDtn = 1/)1 ] wtn'

2.1f (K,, -) is a set equipped with an external binary operation with operand in C, then

the mapping / + 9, is a morphism from (K, 1, ) to (Op(KlE, K,"),.). That is, we have,
for any lut / from K, to K,, and any a in C,

Yar = AP,
3.If (K,, e) is a set equipped with a nullary operation, then the mapping [ — ¥, is a
morphism from (KZK‘, e) to (Op(K lE, KQE), ¢). That is, we have,

Y, = €. O

Proof — 1. For any mapping / and m from K, to K,, any fin K., and any y in E,

wmm(f)()’) = ((l ] m) Of)(y) (wl deflnltlon)
(om)(f(y) (composition definition)

I(f(y)) o m(f(y)) (extension definition)
(lofp)y) o (moH(y) (composition def.)

= wl(f)(y) O 1/)m(f)()’) (wl deflnltlon)
= (W ov,.N)) (extension definition)
= @, 0y,)NH0H), (extension definition)

that is, for any mapping / and m from K, to K,, ¥,0,, = ¥, 0 Y,

2. For any mapping / from K, to K,, any a in C, any fin K", and any y in E,

YN = (@) oHy) (3, definition)
= (a-D(f(y)) (composition definition)
= a-(I(f(y)) (extension definition)
= a-.(lof)(y) (composition definition)
= ay,(H) (v, definition)
= (a-¥(NH)) (extension definition)
= (a- ¥ )N (extension definition)

that is, for any mapping / from K, to K,, and anyain C, y,; = a.y, .
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3. For any fin K", and any y in E,

PN = (eoNH) (1, definition)
= e(f(y)) (composition definition)
= e, (extension def., e is a lut)
= e(y) (extension def., e is an image)
= ¢(f)(y), (extension def., ¢ is an operator)

that is, ¥, = €. O

Figure 3.10 illustrates graphically the equality ¥,5,, = ¥, o ¥,, of Proposition 3.20.
We observe that the right handside implementation is simpler than the left handside one.

(o)
hd
DO

m

Fig. 3.10 — Morphism between luts and operators.

As a consequence of the previous proposition we have the following result.

Proposition 3.21 (closed subset of spatially invariant pointwise operators) — Let E and
K, be two non—-empty sets.

1. If (K,,0) is a set equipped with an internal binary operation, then the subset
IP(K,", K,") is 0,,~closed.

2. 1If (K,, -) is a set equipped with an external binary operation with operand in a set
C, then the subset IP(K lE, KZE) -op—Closed.

3. If (K,, e) is a set equipped with a nullary operation, then the subset IP(K FKSD
£gp—Closed. O

Proof — By Proposition 3.18, the image of K, 1 through [ — 9, is IP(K,", K,").

1. By Part 1 of Proposition 3.20, [/+>1; is a morphism from (K,"1,0) to
(Op(K lE, KQE), 0). Therefore, from Part 1 of Exercise 3.57, IP(K lE, KZE) is O, p—closed.

2. By Part 2 of Proposition 3.20, [+ 1, is a morphism from (K,"1,.) to
(Op(K,", K,"), .). Therefore, from Part 2 of Exercise 3.57, IP(K,", K,") is -q,~closed.

3. By Proposition 3.20, 1, = &. This prove that, ¢ is in IP(K,", K,"). O
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3.3 Spatially invariant pointwise morphism

In this section we will characterize the spatially invariant pointwise operators which are
morphisms. To do so we now need to consider some algebraic structures on both gray—
scales K, and K,.

Let (K, 0) and (K,, O) be two sets equipped with internal binary operations. We de-
note by IPM.(K,%, K,"), the set of spatially invariant pointwise operators which are

morphisms for the extensions of the o’s to K lE and KQE.

In the same way, let (K|, -) and (K,, -) be two sets equipped with external binary op-
erations with operand in C. We denote by IPM (K Ky, the set of spatially invariant

pointwise operators which are morphisms for the extensions of the .’s to K and K,".

Finally, let (K, e,) and (K, ¢,) be two sets equipped with nullary operations. We de-
note by IPM,(K,", K,"), the set of spatially invariant pointwise operators which are
morphisms for the extensions of e, and e, to, respectively, K lE and KQE.

Proposition 3.22 (characterization of the spatially invariant pointwise operators which
are morphisms) — Let E be a non—empty set.

1.1. Let (K, 0) be a set equipped with an internal binary operation. If (K,,0) is a
commutative semigroup and if (K, -) is a set equipped with an external binary operation
with operand in C which is distributive over O, then the mapping v — [, is an isomorph-

ism from (IPMo(K,", "), 0, ) to (Mo(K,, K5), 0, ).

1.2. Let (K,,0) be a set equipped with an internal binary operation. If (K,, O, e,) is
a commutative monoid, then the mapping ¥ ~— [, is an isomorphism from
(IPM.(K,", K>"), 0,8) to (Mo(K, K>), 0, ).

2. Let (C, ) be a set equipped with a commutative internal binary operation and let
(K, -) and (K, -) be two sets equipped with external binary operations with operand in
C. If (K,, ) satisfies, for any ¢ in K,, and any a and § in C,

a-(B-n = (aP)t, (mixt associativity)
and (K,, O) is a set equipped with an internal binary operation such that . on K, is distribu-
tive over 0O, then the mapping ¥ — [, is an isomorphism from (IPM(K,", K,"),0,.) to
(M.(Kh K2)7 O, )

3.Let (K,, e;) and (K,, e,) be two sets equipped with nullary operations. If (K,, O, e,)
is a monoid, then the mapping 3 + [, is an isomorphism from (IPM (K LKD), o,e) to
(Me(Kh K2)7 O, 6‘). U

Proof — Let us divide the proof into four main steps.

1.1. Let ¢ be in IPMD(KIE, KQE). Let us prove that [, is in M(K|, K,). For any s and

tin K, let y be any element of E, and let f and g be any images of K . such that f») =s
and g(y) = t, then
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Lot =v{fog) (extension def. and [, def.)
= (W) oyw(E@)H») (y is a morphism)
= Y(H) oY) (extension definition)
= 1,(s) O 1,(0). (1, definition)

1.2. Lety bein IPM_(KIE, KQE). Let us prove that /,,is in M.(K,, K,). For any sin K|,

let y be any element of E, and let f be any image of K . such that f(y) = s, then, for any
ain C,

Lya-s) = YaNQ) (extension def. and [, def.)
= @y ( is 2 morphism)
= a-ypH () (extension definition)
= a.ly(s). (1, definition)

1.3. Let  be in IPM, (K,", K,"). Let us prove that [, is in M(K|, K,). Let y be any
element of E, then

Le) = YD) (1, definition)
= ey(y) (1 is a morphism)
= e,. (extension definition)

2.1. Letlbe in M (K|, K,). Let us prove that ¥, is in IPMD(KIE, KQE). For any images
fand g of K", and any y in E,

Y(fogy) = Lo (fog)y) (1, definition)
= 1((fo ) (composition definition)
= I(f(y) o g) (extension definition)
= I(f(») o l(g(») (I is a morphism)
= (lop) oo gy) (composition definition)
= YN oY) (v, definition)
= WH o). (extension definition)

2.2. Letlbe in M (K|, K,). Let us prove that ¥, is in IPM_(KIE, KQE). For any image
fof K", any yin E, and any a in C,

YlaNy) = Lo (aN) (v, definition)
I((a:NB)) (composition definition)

la-f(y) (extension definition)
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= a.l(f(y)) (I is a morphism)
= a.(lofy) (composition definition)
= a () (1, definition)
= (@p(H)Y). (extension definition)

2.3. Let/bein M (K|, K,). Let us prove that 9, is in IPME_(KIE, KQE). For any yin E,

Yepy) = (Loe)y) (v, definition)
= l(e,(y)) (composition definition)
= I(e,) (extension definition)
= e, (I is a morphism)
= e,(y). (extension definition)

3.1. From Parts 1.1 and 2.1 above, and by Exercise 1.26 and Proposition 3.18, ¢ — [,
from IPM.(K,", K,") to M.(K,, K,) is a bijection.

3.2. From Parts 1.2 and 2.2 above, and by Exercise 1.26 and Proposition 3.18, ¢ — [,
from IPM (K,", K,") to M (K}, K,) is a bijection.

3.3. From Parts 1.3 and 2.3 above, and by Exercise 1.26 and Proposition 3.18,  — [,
from IPM,(K,", K,") to My(K,, K,) is a bijection.

4.1.1. The set IPM (K lE, KQE) is 0,,—closed and .o, —closed since it is the intersection

of the subsets IP(K lE, KZE) and M (K lE, KQE) which are, respectively, 0, —closed and . o,—
closed by Propositions 3.21 and 3.67. The set Mo(K, K5)is O Kl—closed and - szl—closed
2

by Proposition 3.67. Finally, by Proposition 3.20, [ + 1, is a morphism from (K,"1,0,.)
to (Op(K,*, K,5), 0, .), therefore, by Part 3.1, [ — 9, from My(K,, K,) to IPM.(K,", K,")
is an isomorphism from (M.(K,, K,), O, -) to (IPMD(KIE, KQE), O, -), that is (as in Exercise

3.59), its inverse % ~— [, is an isomorphism from (IPMD(KIE,IQE),D,.) to
(MD(KI’ K2)’ 0, )

4.1.2. The set IPM (K lE, KQE) is 0,,—closed and &,—closed since it is the intersection

of the subsets IP(K lE, KZE) and MD(KIE, KQE) which are, respectively, O, p—closed and
ggpy—losed by Propositions 3.21 and 3.67. The set M(K,,K,) is DKZKl—closed and
e szl—closed by Proposition 3.67. Finally, by Proposition 3.20, [ = 1,is a morphism from
(K,"1,0,¢e) to (Op(K,*, K,), 0, €), therefore, by Part 3.1, [+~ 1, from M. (K,, K,) to
IPM.(K,", K,") is an isomorphism from (M.(K,, K,), 0, ¢) to (IPM.(K,", K,"), 0, €), that

is (as in Exercise 3.59), its inverse ¢ —> [, is an isomorphism from (IPM (K lE, KQE), 0, €)
to (MD(KI’ K2)’ 0, 6‘).
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4.2. The set IPM (K lE, KQE) is O,,—closed and .o ,—closed since it is the intersection

of the subsets IP(K lE, KZE) and M (K lE, KQE) which are, respectively, 0, —closed and - ,—
closed by Propositions 3.21 and 3.68. The set M.(K, K,)is O Kl—closed and .szl—closed
2

by Proposition 3.68. Finally, by Proposition 3.20, [ — 1, is a morphism from (K,"1,0,.)
to (Op(K lE, KQE), 0,-.), therefore, by Part 3.2, [+~ 1, is an isomorphism from
MK, K,),O,-)to (IPM_(KIE, KQE), O, -), that is, its inverse ¥ — [, is an isomorphism
from (IPM (K,", K,"), 0, .) to M.(K,,K,), 0, .).

4.3. The set IPM (K lE, KQE) is 0, —closed and eq,—closed since it is the intersection

of the subsets IP(K lE, KZE) and M (K lE, KQE) which are, respectively, 0, —closed and e~
closed by Propositions 3.21 and 3.69. The set M (K|, K,) is = Kl—closed and e szl—closed
2

by Proposition 3.69. Finally, by Proposition 3.20, / — 1,is a morphism from (K,"1,0,e)
to (Op(K lE, KQE), 0,¢), therefore, by Part 3.3, [+~ 1, is an isomorphism from
M, (K|, K,),0,e) to (IPME(KIE, KQE), 0, ¢€), that is, its inverse ¥ — [, is an isomorphism
from (IPM,(K,", K,"), 0,¢) to (M(K,, K>), 0, e). O

Figure 3.11 shows the isomorphism ¢ — [, of Proposition 3.22 for the internal binary
operations on the set of operators and on the set of luts.

spatially invariant

pointwise operators N /;I\A
IP(K,". K>") v
morphisms
: Mo(K}, K,)
morphisms
Mu(K," K>5)
IPM(K,", K,")
K,
Op(K.". K>) (luts)
(operators)

Fig. 3.11 — Isomorphism.

Figure 3.12 illustrates graphically an aspect of Part 1.2 of Proposition 3.22. From Part
1.2 we know that if / is a lut which is a morphism of internal binary operations on K, and
K,, then the spatially invariant pointwise operator constructed with this lut is also a

morphism of internal binary operations on K \“and K,". This means that we have the two
equivalent implementations shown in Figure 3.12. We observe that the right handside
implementation is simpler than the left handside one.
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~
Il

.@._
_.@. l

Fig. 3.12 — Two equivalent implementations when the lut is a morphism.

Recalling (see Part 1 of Proposition 3.67) that if the luts / and m are two morphisms
for the internal binary operations 0’s on K, and K, then / 0 m is also such a morphism,
we can combine the equivalence of Figure 3.12 with the one shown in Figure 3.10, to get
the equivalence between the two implementations shown in Figure 3.13. We observe that
the right handside implementations is much simpler than the left handside one.

— (o)
e
— (o)

Fig. 3.13 — Two equivalent implementations when the luts are morphisms.

-[0]-[0

-0

54

Before ending this section, we apply Proposition 3.22 to the continuous and discrete
cases. Let consider first the continuous case, that is the case of the linear operators

In Section 2.1, we have introduced the image addition and multiplication by a scalar.
By Proposition 2.1, we know that the set (R, 4, ., 0) of real images is a linear vector
space. Therefore, we can apply Definition 3.60 to the image operators.
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Definition 3.23 (linear operator) — An operator ¥ from (R%, +,.,0) to (RE, +,.,0), is
linear (not necessarily spatially invariant) iff, for any f, g in Rf and a in R,

Y+ g =y + v and ylaf) = ay. o
From Exercise 3.61, a linear operator ¥ verifies (o) = o.

The algebraic structure (Op(R% RF), +,.,0) consisting of the set of operators
equipped with the extended operations from the operations on R, is again a linear vector
space.

Furthermore, Propositions 3.67 and 3.68 apply to the set of operators, in other words,
M. (R*,R?) and M (R*,R) are + o,—closed and -,,—closed. Consequently, by Proposi-
tion 3.55 their intersection which is L(R*, R) is also + o,—closed and .,,—closed. Hence,
by Proposition 3.53, (L(R%, R%), +,-,0) is a subspace of (Op(R%, RE), +,-,0).

Now combining linearity with spatial invariance, we have the following proposition.

Proposition 3.24 (characterization of the spatially invariant pointwise operators which
are linear) — Let E be a non—empty set and let (R, +, ., 0) be the linear vector space of
the real numbers. The mapping y +> [, from the subspace (IPL(R*,R"), +,-,0) of spa-
tially invariant pointwise operators which are linear, to the subspace (L(R,R), +, -, 0) of
luts which are linear, is an isomorphism of linear vector spaces. Its inverse is [ — 1, In
particular, we have, for any ¢ and ¢ in IPL(R%, R¥), and ¢ in R,

lyvy =1, +1;, loy=al, and [, = o,
and, for any / and m in L(R, R), and a in R,
wH—m = 1/)1 + wm s wa.l = 0”/)1 and 1/)0 = 0. O

Proof — We divide the proof in four steps.

1. Parts of Propositions 3.67 and 3.68 apply to the set of operators, in other words,
IPM . (R*, R) and IPM (R, R") are + o,—closed and .,—closed. Consequently, by Prop-
osition 3.55 their intersection which is IPL(R”, R") is also + o,—closed and .y,—closed.
Hence, by Proposition 3.53, (IPL(R%, R%), +, -, 0) is a subspace of the linear vector space
(Op(RE,R%), +,.,0).

2. By Exercise 3.12, (L(R,R), +,.,0) is a subspace of the linear vector space
(RR’ + LIS 0)'

3. From Proposition 3.18, ¢ — [,,is a bijection and from Proposition 3.22, M, (R, R)
(resp. M(R,R)) is the image of IPM (R, R”) (resp. IPM (R*, R")) through ¢ + [,
therefore, by Exercise 1.30, L(R, R) is the image of IPL(R”, R) through ¢ +> [,,.

4.By Parts 1.1 and 2 of Proposition 3.22, ¥ ~— [, is an isomorphism from
(IPM . (RE,R%), +, ) to M, (R, R), +,.) and an isomorphism from (IPM (R%, R%), +, )
to M(R,R), +,.). As we see above in Part I, IPL(R*, R”) is + ,—closed and .,—closed,
therefore by Exercise 3.58 and Part 3 above, y = [, restricted to IPL(R",R") and
L(R, R) is an isomorphism from (IPL(R% R¥), +,.) to (L(R,R), +,.). O
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‘We now consider the discrete case.

Let (K, <) be the interval [0, k] of natural numbers equipped with the usual order
relation. By Propositions 3.72, the poset (K%, < .) is a lattice and we can introduce the
following four operations on the set K~

The image union, denoted by V , is the union on (K%, < ), or equivalently (see Prop-
osition 3.72), the extension to K* of the union V on K.

The image intersection, denoted by A, is the intersection on (K%, < .), or equiva-
lently (see Proposition 3.72), the extension to K* of the intersection A on K.

The black image selection, denoted by o, is the nullary operation on (K%, < _) which
selects the least image x — O called the black image (denoted by o), or equivalently (see

Proposition 3.73), the extension to K* of the nullary operation on K which select the value
0.

The white image selection, denoted by i, is the nullary operation on (K%, < _) which
selects the greatest image x > k called the white image (denoted by i), or equivalently
(see Proposition 3.73), the extension to K* of the nullary operation on K which select the
value k.

Figure 3.14 shows through block diagrams the above four operations on images of
size 2 by 2 with the gray-scale K = {0,1,2,3,4,5,6,7}.

|1 5]

f_24 56
'_6'_ ng—24]
_1s

8§~ (23

|1 5]

f_24 15
Cq fhng= ]
Ts 6 23

8§~ (23

Fig. 3.14— Operations on images.

In the lattice of images (K%, V, A) we can identify two idempotent and commutative
monoids, namely (K%, V,0) and (K%, A, Q).
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The same can be done for the two lattices of images (K lE, VvV, A) and (KZE, VvV, A).
Therefore, we can apply Definition 3.62 to the image operators.
Definition 3.25 (elementary morphological operators) — An operator ¥ from (K", V , 0)
to (K,", V,0) is a dilation iff, for any fand g in K",
YV e =y vy and Ylo) = o
an operator ¥ from (K FoAL Do (K, AL D) is an erosion iff for any fand g in K 5
YA g =y Al and y@) =i;
an operator ¢ from (K £ v, 0) to (K5, AL i) is an anti—dilation iff for any fand gin K 5
YV g =y Ayl and ylo) =i;
an operator  from (K FA LD to (Ky, V, 0) is an anti—erosion iff for any fand gin K 5
YA g =y Ve and y@) = o.
The operators which are dilations, erosions, anti—dilations and anti—erosions are
called elementary morphological operators. O

Going one level up, by Propositions 3.72, the poset (Op(K £ K5, <)isinturnalat-

tice and we can introduce the following four operations on the set Op(K FLKLD).

The operator union, denoted by V, is the union on (Op(K lE, KQE), <), or equivalent-
ly, the extension to Op(K lE, KZE) of the union V on KQE.

The operator intersection, denoted by A, is the intersection on (Op(K lE, KQE), <),

or equivalently, the extension to Op(K £, K,") of the intersection A on K,".

The least operator selection, denoted by o, is the extension to Op(K £, K,") of the nul-

lary operation on K. ,¥ which select the black image o. This operation selects the least oper-
ator, that is, the constant operator f+> o. We denote by o this operator.

The greatest operator selection, denoted by ¢, is the extension to Op(K £, K, of the

nullary operation on K," which select the white image i. This operation selects the great-
est operator, that is, the constant operator f+> i. We denote by ¢ this operator.

In the lattice (Op(K lE, KQE), V, A), we can identify the two idempotent and commu-
tative monoids (Op(K,", K,"), V,0) and (Op(K,", K,"), A ,1).

Furthermore, parts of Propositions 3.67 and 3.69 apply to the set of operators which
are dilations, in other words, the sets M ,, (K lE, KQE) and M (K lE, KQE) are Vo, —losed and
og,—losed. Consequently, by Propositions 3.55 and 3.52, (D(K F K5, v, 0) is a sub-
monoid of (Op(K,*,K,5), V,0).

Using the same arguments, (E"‘(KIE,KZE), V,0) is a submonoid of
(Op(K,*,K,"), V,0), and (E(K,", K,), A,1) and (D¥K,", K,"), A, 1) are submonoids of
(Op(K,", K,"), A, 0).
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Now combining morphological properties with spatial invariance, we have the fol-
lowing proposition.

Proposition 3.26 (characterization of the spatially invariant pointwise elementary mor-
phological operators) — Let E be anon—empty set and let (K;, <) and (K,, <) be, respec-
tively, the intervals [0, k,] and [0, k,] of natural numbers equipped with the usual order
relation.

1. The mapping ¥ + [, from the submonoid (IPD(K ", K,5), V,0) (resp.

(IPE"‘(KIE, KQE), V,0)) of spatially invariant pointwise operators which are dilations
(resp. anti—erosions), to the submonoid (D(K, K,), V, 0) (resp. (E*K,, K,), V ,0)) of luts
which are dilations (resp. anti—erosions), is an isomorphism of monoids. Its inverse is

[ — v,. In particular, we have, for any ¥ and ¢ in IPD(K FKLD (resp. IPEXK KDY,

lyvg =1, V1, and [, = o,

Y

and, for any / and m in D(K, K,) (resp. E¥(K|, K,)),
wl\/»: = 1/)1 \ wm and w() =0

2. The mapping % — [, from the submonoid (IPE(K ", K,5), A1) (resp.

(IPD"‘(KIE, KQE), A,t)) of spatially invariant pointwise operators which are erosions
(resp. anti—dilations), to the submonoid (E(K,, K,), A, i) (resp. (DK, K,), A, i)) of luts
which are erosions (resp. anti—dilations), is an isomorphism of monoids. Its inverse is

[ — v, In particular, we have, for any 9 and ¢ in IPE(K FKSD (resp. IPD¥(K KDY,
lyng =1y N1y and [, =i
and, for any / and m in E(K |, K,) (resp. D% K, K,)),

wlAtn = 1/)1 A wm and wi = 1. O

Proof — Let us prove the result for the dilations. We divide the proof in four steps.

1. Parts of Propositions 3.67 and 3.69 apply to the set of operators, in other words,
IPM, (K lE, KQE) and IPM,(K lE, KQE) are V g,—losed and 0,,—closed. Consequently, by
Proposition 3.55 their intersection which is IPD(K lE, KZE) is also V g,—closed and 0,,—
closed. Hence, by Proposition 3.52, (IPD(K lE, KQE), V,0) is a submonoid of
(Op(K,". K>"), v, 0).

2. By Exercise 3.13, (D(K,, K,), V,0) is a submonoid of (KZK‘, V,0).

3. From Proposition 3.18, ¥ — [, is a bijection and from Proposition 3.22,
M, (K,,K,) (resp. My(K,, K,)) is the image of IPM (K", K,") (resp. IPM,(K,", K,"))
through ¢ — [, therefore, by Exercise 1.30, D(K, K,) is the image of IPD(K lE, KZE)
through y — [,
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4.By Parts 1.2 and 3 of Proposition 3.22, ¥ ~— [, is an isomorphism from
(IPM,(K,",K,"), V,0) to (M,(K,,K,),V,0) and an isomorphism from

(IPM,(K,", K,"), V,0) to My(K,,K,), V,0). As we see above in Part 1, IPD(K,", K,")
is V g,—losed and oq,—losed, therefore by Exercise 3.58 and Part 3 above, ¥ — [, re-

stricted to IPD(K,”, K,") and D(K,, K,) is an isomorphism from (IPD(K,", K,"), V,0) to
(D(Kh K2)7 \ ) 0)-

The results for the erosions, the anti—dilations and the anti—erosions can be proved
in a similar manner. O

3.4 Enhancement technique

Let us introduce a simple enhancement technique. For any @, € R, we consider the
operator on R” given by f+ a.f + f.i and shown in Figure 3.15.

af+ B

Fig. 3.15 — An enhancement operator.

By using the properties of the mean and the variance given in Section 2.2, we get the
following equalities:

m(a.f + B.i) = am(f) +
var(a.f + B-i)) = a? var(f).

From this equalities, we can find the parameters @ and §in such a way that the above
operator transforms a given image finto another one with desired mean u and variance
0’ These parameters must satisfy the following system of equations,

p = am() +

o* = a’ var(f).
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By solving this system, we find that
o o

= d B=u-—
T Rap P THT Rag ™

We observe that the enhancement operator f+> a.f + f.i is not linear because the
output depends on the internal image i. Furthermore, when a and 8 depend on f; it is not
pointwise.

An important class of luts is the class of mappings hfrom Rto K = [0,k] C Z. An
important example of such luts is the mapping ¢ given by

cs) 2 (ls] VO) Ak (s ER),
where | - | stands for the “integer part of>, Vand A are the union and intersection on Z.

The lut c is used to convert the continuous positive values of the real pixels to discrete
values (i.e., to convert fromR to K). The graph of this lut is shown in Figure 3.16. The
resulting spatially invariant pointwise operator, that we call an continuous to discrete con-
verter, is also shown along with its effect on a particular numerical image.

13 22 -02

26 —44 20 ()

05 39 17 N
\

SN =
w O N

— N o
—_

3e —

K 2° —

10 —

\J

0 123 R

Fig. 3.16 — An analog to digital converter.

Another important lut is the function n from K to K given by
ns)=k—s (s €K).

The lut 7 is used to transform an image fin K* into another image in K%, called its
negative and given by, forany x € E, f(x) = k — f(x). The resulting spatially invariant
pointwise operator that we call the negation is also shown in Figure 3.17 along with its
effect on a particular image.
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[0 000000000 0] [3 333333333 3]
0000000000 O 33333333333
00111111100 33222222233
00101131000 33232202333
00111231000 33222102333
00111231000 33222102333
00101131000 33232202333
00101111100 33232222233
0000000000 O 33333333333
[0 000000000 0] 3333333333 3]
b o 8

S
T R B R
|
LIS I

K

Fig. 3.17 — The negation.

Exercise 3.27 (spatially invariant pointwise operator) — Draw the graph of the lut 4 from
Rto K given by h 2 noc, where K = {0,1,2,3}. Find the numerical image v,(f) for

13 22 —02
f=126 —44 20]|. 0
05 39 17

3.5 Some mathematical definitions and properties

To help the understanding of the definitions given in the previous sections, we recall some
important mathematical definitions such as supremum and infimum, lattice, monoid,
closed subset, morphism, extended binary relation and power lattice, and we recall some
of their properties.

Supremum and infimum

Let (A,R,) and (A, R,) be two posets, if R, and R, are mutually converse, then the
posets are said mutually dual, and any two definitions (statements, properties, proposi-
tions, etc.) equal up to a change between R, and R, are said mutually dual.

Proposition 3.28 (duality principle) — If two statements S, and S, are mutually dual then
S, is true iff S, is true. O

Proof — If S, is true based on the set of axioms for R, then S, is true based on the set of
axioms for R, since R, and R, have the same set of axioms (see Exercise 1.37). O
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The duality principle was first introduced by Schréder in 1890 (Szész, 1971, p.26).
We often denote by (=, =) a pair of mutually dual partial orderings.
We now recall some important concepts related to partial ordering.

Definition 3.29 (lower and upper bounds of a set) — Let X be a subset of a poset (A, <).
An element [ of A is a lower bound, 1.b. for short, of X iff [ < x for all x in X. An element
u of A is an upper bound, u.b. for short, of X iff x < u for all x in X. If X is empty then
all the elements of A are both an L.b. and a u.b.. O

The lower and upper bound definitions are mutually dual.

The upper left illustration of Figure 3.18 shows the upper bounds (in a poset A) of a

certain subset X.
@ greatest of A
A

upper bounds of X

X

maximals of A \@
A

Fig. 3.18 — Some special elements of a poset.

supremum of X

X

We observe that if © < u’ and u is an u.b. of X, then u’ is an u.b. of X as well, and
if I’ <landlisalb.of X, then /'is alb. of X as well.

Definition 3.30 (least and greatest elements of a poset) — Let (A, <) be a poset. An ele-
ment o of A is the least element of A iff 0 is a L.b. of A. An element i of A is the greatest
element of A iff i is a u.b. of A. O

The least and greatest element definitions are mutually dual.

The upper right illustration of Figure 3.18 shows the greatest element of a certain
poset A.

A poset (A, <) can contain at most one least element. For, if 0, and o, are two such
elements, then 0, < o0, (considering o0, as a least element) and 0, < 0, (considering o0,
as a least element) whence, by < antisymmetry, o, = 0,. The same is true for the greatest
element.

When it exists, we denote the least element of a poset (A, <) by min A and the greatest
element by max A.
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Definition 3.31 (minimal and maximal elements of a poset) — Let (A, <) be a poset. An
element m of A is minimal iff for any a in A, a < m implies that @ = m. An element m
of A is maximal iff for any a in A, m < a implies that a = m. O

The minimal and maximal element definitions are mutually dual.

The lower left illustration of Figure 3.18 shows the maximal elements of a certain
poset A.

A least element is a minimal element and a greatest element is a maximal element,
but the converse is not true. Let us prove that a least element is a minimal element. If o
is the least element of (A, <) then 0 < a for any a in A, that is, forany ain A, a < o
implies a = o by antisymmetry of <.

Proposition 3.32 (minimal and maximal element existence) — Any finite poset has at
least one minimal element and one maximal element. O

Proof — Let (A, <) be a finite poset, since A is finite, let say of cardinality n, there exists

a bijection from n to A that we denote by i — a;. Let m;, = a,, and let m, be a, if
a, < my_, and m,_, otherwise. Then for any ain A a < m,implies a = m,, that is, m,
is minimal. The rest of the proposition follows by duality. O

Proposition 3.33 (finite chain property) — Any finite chain has a least element and a
greatest element. O

Proof — Let (A, <) be a finite chain, by Proposition 3.32, it has an element m such that
foranyainA,a < mimplies thata = m, thatis, forany ainA,a # mimpliesthatm < a
by chain definition. In other words, m is a l.b. of A, that is, it is the least element of A. The
rest of the proposition follows by duality. O

Exercise 3.34 (lower and upper bound property) — Let X and Y be two subsets of a poset
(A, =). Prove thatif X C Y and u is a Lb. (resp., u.b.) of Y] then u is a L.b. (resp., u.b.)
of X. O

Solution — For any X and Y subsets of A such that X C Y,
lisalb.of Y [ = yforallyinY (1.b. definition)
= [ < xforall xin X (XCvyp
< [isalb. of X.
By duality, the same result applies to the u.b.. O

Definition 3.35 (supremum and infimum) — Let X be a subset of a poset (A4, <). An ele-
ment u of A is the supremum of X (in (A, <)) iff, for any x in A,

xisanub.of Xiffu < x.
An element [ of A is the infimum of X (in (A, <)) iff, for any x in A,
xisalb.of Xiffx < [ O
The supremum and infimum definitions are mutually dual.

The lower right illustration of Figure 3.18 shows the supremum (in a poset A) of a
certain subset X.
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Proposition 3.36 (supremum an infimum equivalent definition) — Let X be a subset of a
poset (A, <). An element u of A is the supremum of X iff u is the least upper bound of
X, that is, among the subset of all the u.b. of X, it is the least element. An element / of A
is the infimum of X iff / is the greatest lower bound of X, that is, among the subset of all
the 1.b. of X, it is the greatest element. O

Proof — 1. Let u be the supremum of X. The “if” condition, in the supremum definition,
shows, when x is u, that the supremum of X is an u.b. of X. This result together with the
“only if” condition show that the supremum of X is the least u.b. of X.

2. Let u be the least u.b. of X. If x is an u.b. of X, then u < x since u is the least u.b.
of X. Conversely, if u < x, then x is an u.b. of X since u is an u.b. of X.

By duality, the same result applies to the infimum. O

Given asubset X of a poset (A, <), there is at most one supremum of X since the supre-
mum is the least element of some subset of A.

When it exists, we denote the supremum of X by sup X, and the infimum by inf X.
Exercise 3.37 (supremum and infimum property) — Let X and Y be two subsets of a poset

(A, =). Prove that if X and Y have a supremum, and X C Y, then sup X < sup Y. Prove
that if X and Y have a infimum, and X C Y, theninf Y < inf X. O

Solution — Let X and Y be any subsets of A such that X C Y. By Proposition 3.36, sup ¥
isanu.b. of Y. Since X C Y, by Exercise 3.34, sup Y'is an u.b. of X. By Proposition 3.36,
sup X is the least upper bound of X, that is, sup X < sup Y. By duality, the same result
applies to the infimum. O

Proposition 3.38 (sufficient condition to have a supremum and an infimum) — Let X be
a subset of a poset (A, <). If X has a greatest element, then X has a supremum and
sup X = max X. If X has a least element, then X has an infimum and inf X = min X.O

Proof — First, let u be the greatest element of X, then, by definition, u is an u.b. of X and
consequently sup X < u; furthermore, u being in X and sup X being an u.b. of X (Proposi-
tion 3.36), we have u < sup X; thatis, by < antisymmetry, u = sup X. Second, by defini-
tion # = max X, that is, by = transitivity, sup X = max X. By duality, the same result
applies to the infimum. O

Exercise 3.39 (supremum and infimum recurrence) — Let (A, <) be a poset. Prove that,
for any distinct elements a, b, and ¢ in A,

sup{a, b,c} = sup{sup{a,b},c},
whenever the suprema exist, and
inf{a, b, c} = inf{inf{a, b}, c},
whenever the infima exist. O

Solution — Let a, b, and ¢ be any distinct elements of A. Let u;, = sup {sup {a, b}, c} and

let u, = sup{a, b, c}. We want to prove that u, = u,. First,
u, = sup{sup{a,b},c} = sup{a,b} < u,andc =< u, (supremum is an u.b.)
a < sup{a,b} < u, and
= <b =< sup{a,b} =< u, and (supremum is an u.b.)
c = u
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= a<u,andb < u,andc < u, (= transitivity)
= u, is an u.b. of {a, b, c} (u.b. definition)
< Uy, < uy. (supremum definition)

Second,

u, = sup{a,b,c} = sup{a,b} < u,andc < u, (Exercise 3.37 and sup is an u.b.)

< u,is an u.b. of {sup{a, b}, c} (u.b. definition)
< U < U, (supremum definition)

That is, by < antisymmetry, u, = u,.
The result for the infimum follows by duality. O

Exercise 3.39 shows that if any two elements have a supremum then any three ele-
ments have a supremum.

Lattice

Definition 3.40 (lattice) — A non—empty set A together with two binary operations o, and
O, satisfying the axioms below is a lattice; we denote it by (A, 0, 0,). For any a, b and
cinA,

ao,b=>boya and ao,b=b0,a (commutativity)
(ao,b)o,c =ao,(bo,c¢) and (ao0,b)o,c =an,(bo,c)

(associativity)

an,(@ao,b) =a and a0 (ao,b) = a. (absorption)

O

Since the operations 0O, and O, play the same role in the lattice axioms, (A4,0,,0,)
is a lattice iff (A, 0,, O,) is a lattice. These two lattices are called mutually dual.

From the lattice definition we can derive the following property called idempotence.
Let (A,0,,0,) be alattice, then forany ainA, a 0, a = aand a 0, a = a. The idempot-
ence follows from the absorption as shown in Birkhoff (1967, p. 21). Figure 3.19 illus-
trates graphically the idempotence property.

a a
(C)— a (—
a a
Fig. 3.19 — Idempotence property in a lattice.

A non—empty set A together with a binary operation 0 which is idempotent, commuta-
tive and associative is called a semilattice.

Exercise 3.41 (implication) — Let (A4, 0,,0,) be a lattice, prove that
ao,b=>b iff ao,b = a. O
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The operations 0, and O, can be characterized in terms of an ordering relation
through a relationship between some posets and the lattices.

Let (A, <) be a poset. For any a and b in A, we denote by a V_b and a A_b the
expressions defined by
a Vb £ sup{a,b} and a A_b = inf{a,b)
whenever the supremum and the infimum exist.

Proposition 3.42 (lattice from poset) — Let (A, <) be a poset in which any two elements
have a supremum and an infimum. Then (A, V., A.) is a lattice. O

Proof — 1. Since for any a and b in A, the expressions a V.b and a A. b are well defined
elements of A, V_and A.are two binary operations on A.

2. The commutativity of V_.and A.is an inheritance of the commutativity of the con-
junctions “and” which appears in the definition of supremum and infimum.

3.Leta, b, and c be any elements of A. Let u; = sup {sup {a, b}, c},let u, = sup{a,b,c}
and let u; = sup{a, sup{b, c}}. To prove the associativity of V_, we have to prove that
u, = us;. By Exercise 3.39, u; = u, and u, = us, therefore, by = transitivity, u, = u;.
By duality, the associativity also apply to A..

4. Let a and b be any elements of A. First,
a =< sup{a, b} (sup is an u.b.)
=a V. b, (definition of V.)
thatis, a < a V. b.

Second, if a = a V. b then by definition of V., a A.(a V.b) = a, otherwise

a N (a V< b) = inf {a,(a V< b)} (definition of A.)

= a, (first part and Proposition 3.38)

that is, in both case,a A-(a V<b) = a. By duality, we alsohavea V.(a A-b) = a. This
prove the absorption. O

From their definition, the operations V_.and A. are idempotent, therefore (A, V.)
and (A, A.) are semilattices. The operations V_.and A_are called, respectively, union
and infersection with respect to <.

Whenever any two (distinct) elements of a poset have both a supremum and an infi-
mum, the poset is called a lattice. This definition of lattice should not be confused with
the lattice definition 3.40, where lattice is an algebraic structure with two binary opera-
tions. The use of the word “lattice” for some poset is partially justified by Proposition
3.42. and completely justified by Proposition 3.47 below.

Proposition 3.43 (chain property) — If (A, <) be a chain, then (A, V., A.) is a lattice.
Furthermore for any a and b in A,

a Vob = max{a,b} and a A-b = min{a,b}. O

Proof — Let (A, <) be a chain. By chain definition, in any subchain of (4, <), with two
elements, one element is the least element and the other is the greatest element. That is,
by Proposition 3.38, any subchain of (A, <), with two elements, has an infimum and a
supremum. By Proposition 3.42, this means that (A, V., A.) is a lattice. The rest of the
proposition follows from Proposition 3.38 again. O
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If (A, =) is chain, then, for any a and b in A,
(a Veb=aanda A.b =b) or (a Vob =banda A.b = a).

Exercise 3.44 (first consistency property) — Prove that, for any a and b in the lattice
A, =),

a<b iff avob=b and a<b iff a A\ob = a. O

Solution — For any a and b in the lattice (A, <),

a Vob=b < b= sup{a,b} (definition of V_.)
< a<bh (= sup is an u.b., <= Proposition 3.38)
The rest of the result follows by duality. O

Now, instead of starting from a poset (which is lattice), we start from a lattice.

Let (A,0,, 0,) be a lattice. Forany a and bin A, we denote by a <, banda <,, b
the binary relations defined by

IA

Sy
Il

a <,,b = an a).

b (or equivalently a 0, b

and

a =,,b & g 0,b = a (orequivalently ao, b = b).

The next proposition, which is the converse of Proposition 3.42, shows that behind
any lattice there is a poset.

Proposition 3.45 (poset from lattice) — Let (A,0,,0,) be a lattice, then (A, <,,) and
(A, =,,) are two posets, mutually dual. O

Proof — First we prove that < |, is a partial ordering. 1. The reflexivity of < ,isaconse-
quence of the idempotence of O, and O,.

2. The anti-symmetry of <, is a consequence of the = transitivity, since, for any a and
binA,

b=aob (a =.,b)
=bo,a (commutativity of O,)
= a. b =0

3. The transitivity of <, is a consequence of the 0, and O, associativity, since for any
a,bandcin A,

ao,c=an, (o o) b =50
=(an,b)o,c (associativity of V)
=bo,c (a =.,b)
=c, b =50

that is, by = transitivity, a 0, ¢ = ¢, and by =, definition, a <, c.
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Second, for any a and b in A,

a<,bsanb=> < |, definition)
< boa=b (commutativity)
< b=,a, <,, definition)

thatis, =, and =<, are mutually converse (which also prove that <, is a partial order-
ing.) O

If (A,0,,0,) is lattice, then, for any a and b in A, we have
(aandb <,,a 0, b) and (a O, b <,,aandb).

and
(@ 0, b <,;aandb) and (aand b =,,a 0O, b).

Proposition 3.45 shows that we can associate a poset to any lattice, but the converse
is not true.

Exercise 3.46 (second consistency properties) — Prove that, for any elements a and b in
the lattice (A, 0,,0,),

ad, b =sup{a,b} and ao,b = inf {q,b}

=12 =12

and

ao, b= inf {g,b} and ao,b = sup{a,b}. O
=21 =21

Solution — First, for any elements a and b in (A, 0, 0,),

u=supf{a,b} < (@ <,,u and b <, u) (sup is u.b.)
=12

< (ao,u =u and bo,u = u) <, definition)

= a0, (bo,u)=u (substitution)

< (ao,b)o,u=u (associativity)

< (ag,b) =, u, <, definition)

thatis, a0, b <, sup {a,b}.
=12

Second, for any elements a and b in A,

u=sup{a,b} < (@<= p,xand b <,x) = u <, x) (sup is least u.b.)
=12

= u < ,(a0,b), (aand b <,,a O, b)

that is, sup {a,b} <,,a 0, b. By <,, antisymmetry, a 0, b = sup {a, b}. The rest of

31’2 =12

the result follows by duality. O



Pointwise enhancement 97

The first and second consistency properties (Exercises 3.44 and 3.46) are useful to
prove the existence of a one—to—one relationship between the set of posets which are lat-
tice and the set of lattices.

Proposition 3.47 (relationship between the set of posets which are lattice and the set of
lattices) — The mapping <+~ (V o, A ) from the set of posets which are lattice to the
set of lattices is a bijection. Its inverse is (0,,0,) — < ,. O

Proof — 1. Proposition 3.42 shows that the image of a poset which is a lattice, through
<~ (V_., A-),is a lattice.

2. Proposition 3.45 shows that the image of a lattice, through (0, 0,) — <, ,,isapo-
set. Furthermore, by Exercise 3.46, this poset is a lattice.

3. Let < be a partial order on A, for any a and b in A,
asy_b<saVv_.Db=5b <, definition)
< a<b, (Exercises 3.44)
thatis, =+~ (V ., A.) is injective.

4. Let 0, and O, be two lattices operations on A, for any a and b in A,

aVe , b = sup{a, b} ( V < definition)
’ =12
< a0, b, (Exercises 3.46)
the same arguments apply to O,, that is, <+~ (V o, A .) is surjective. O

Based on Proposition 3.47, Figure 3.20 illustrate the relationship between the posets
and the lattices.

s—=>(V<, Ao)

I

posets which

are lattices
(Dla Dz) == 1,2

V\_/

set of posets set of lattices

Fig. 3.20 — Relationship between posets and lattices.

Lattices which have a least element and a greatest element have the following impor-
tant property.
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Proposition 3.48 (least and greatest elements property for a lattice) — If the lattice (A, <)
have a least element (denoted by 0) and a greatest element (denoted by i), then the opera-
tions Vo.and A. have a unit element, more precisely, for any a in A,

a Voo=a and a A.i = a. O

Proof — Let o be the least element of (A, <), then for any a in A,

true < o0 < a (least element definition)
< a V.o = a. (Exercise 3.44)
The rest of the proposition follows by duality. O

The above property applies to finite lattice.

Proposition 3.49 (finite lattice property) — If (A, <) is a finite lattice, then A has a least
element and a greatest element. O

Proof — Let m be a minimal element of (A, <). By Proposition 3.32 this element exists.
For any a in A,

true < inf{la,m} < m (infis alb.)
= inf{a,m} = m (m is minimal)
= m =< a, (infis a l.b.)

that is, m is a Lb. of A, in other words, it is the least element of (A, <).
The rest of the proposition follows by duality. O

In the finite lattice structure we can identify two monoid structures.

Monoid

Definition 3.50 (semigroup and monoid) — A semigroup (B, 0) is a set B equipped with
an internal binary operation 0 which is associative. A monoid (B, 0, e) is a semigroup
(B, o) with an element e in B which a unit for 0. O

In a monoid there is only one unit (in Section 2.4 we have proved that the unit element
is unique).

By construction, in a vector space (V, +,.,0), (V, +,0) is a commutative monoid.
If (L, =)is alattice which have a least element 0 and a greatest element i, then, from

Proposition 3.48, (L, V.,0)and (L, AL,i) are two commutative and idempotent mono-
ids, where o and i are, respectively, the unit elements of V_and A..

Let (B, 0, €) be monoid. The set B* equipped with the extension to B of oon B, and
the extension to B* of e of B, denoted by (B*, 0, e), is called the extension of (B, o, e) to
the mappings whose domain is A.

From Propositions 2.46 to 2.48, we can deduce the next proposition.

Proposition 3.51 (commutative monoid of mappings) — If (B, 0, e) is a commutative
monoid, then its extension (B*, 0, e) to the mappings whose domainis A, is a commutative
monoid. O
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Closed subset

Let B and C be two non—empty sets and let / 2 {1} be the standard set with just one
element.

A subset X of the set B equipped with an internal binary operation O, is closed
under O, or O—closed, iff for any a and b in X, a o bis in X. Figure 3.21 illustrates a non
closed subset X under O.

aob
B

Fig. 3.21 — Non closed subset.

A subset X of the set B equipped with an external binary operation -with operand in
C, is closed under -, or .—closed, iff for any cin Cand bin X, ¢ - bisin X.

A subset X of the set B equipped with a unary operation #h, is closed under h, or
h—closed, iff for any b in X, h(b) is in X.

A subset X of the set B equipped with a nullary operation e, is closed under e, or
e—closed, iff the selected element by e, e(1) is in X.

To each of the above operation on B it corresponds its restrictions to a closed subset
X.

The notion of closed operation under an operation is important to define notions like
submonoid, subspace of a linear vector subspace, or sublattice

Proposition 3.52 (submonoid) — Let (B, 0, e¢) be a monoid and let X be a subset of B
which is o—closed and e—closed, then the restrictions of 0 and e on X confer on X the
monoid structure. In this case, X is called a submonoid of B. O

Proof — The subset X is e—closed and x 0 e = x for any x in X, therefore e is the unit ele-
ment of O restricted to X. O

Proposition 3.53 (subspace of a linear vector space) — Let (V, +, ., 0) be a linear vector
space and let X be a subset of V which is +—closed and .—closed, then the restrictions of
+, . and o on X confer on X the linear vector space structure. In this case, X is called a
subspace of the linear vector space V. O

For the proof see Cagnac et al. (1963, p. 284).

Proposition 3.54 (sublattice) — Let (A, 0|, 0,) be a lattice and let X be a subset of A which
is 0,—closed and o,—closed, then the restrictions of o, and 0, on X confer on X the lattice
structure. In this case, X is called a sublattice of A. O
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For the proof see Birkhoff (1967, p. 7).

Proposition 3.55 (intersection of closed subsets) — The intersection of two closed subsets
under the same operation is a closed subset under that operation. O

Proof — Let 0be an internal binary operation on B. Let X and Y are two subsets of B closed
under 0. For any @ and b in XN Y, a and b are in X and Y (by set intersection definition),
and therefore a o b is an element of X and Y (by definition of o—closed subset). Conse-
quently a O bis an element of X N Y which prove that X N Yis o—closed. The same proof
could be made for the other types of operation on B. O

For example, from Proposition 3.55, the intersection of two subspaces of a linear vec-
tor space is another subspace of that linear vector space.

We now recall the definition of some types of morphism.
Morphism

Let O, be an internal binary operation on a set B, and let 0, be another internal binary
operation on a set B,. A mapping f from B, to B, is a morphism of internal binary opera-
tions, from (B,, 0)) to (B,, 0,), iff it carries O, onto O,, in the sense that, for any a and
bin B,

flao, b) = f(a) o, f(b).

We denote by MDIDZ(B 1, B,), or sometimes simply by M (B, B,), the set of morphism
of internal binary operations, from (B, 0,) to (B,, 0,).

Let .| be an external binary operation on a set B, with left operand in a set C, and let
-2 be another external binary operation on a set B, with left operand in the same set C. A
mapping f from B, to B, is a morphism of external binary operations with operand in C,
from (B, -1) to (B,, -2), iff it carries -; onto -, in the sense that, for any » in A, and ¢ in
C7

fle1b) = c2f ).

We denote by M. (B, B,), or sometimes simply by M.(B,, B,), the set of morphism
of external binary operations, from (B, -1) to (B,, -2).

Let h, be a unary operation on a set B, and /, another unary operation on a set B,.
A mapping f from B, to B, is a morphism of unary operations, from (B,, h,) to (B,, h,)
iff it carries &, onto h,, in the sense that,

foh, = hyof.

We denote by M 0 hz(Bl, B,), or sometimes simply by M, (B,, B,), the set of morphism
of unary operations, from (B, h,) to (B,, h,).

Let e, be the element selected by a nullary operation e, on a set B, and e, be the ele-

ment selected by a nullary operation e, on a set B,. A mapping ffrom B, to B,is a morph-
ism of nullary operations, from (B, e,) to (B,, e,) iff it carries e, onto e,, in the sense that,

fle) = e
We denote by Mglgz(Bl, B,), or sometimes simply by M, (B,, B,), the set of morphism
of nullary operations, from (B, e,) to (B,, e,).
Figures 3.22 and 3.23 illustrate graphically the above four types of morphism.
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a flao, b) a — f f(@) o, fb)
() = (%)
b b — f
C C
f(c-1b) cof (b)
b b
— ' f = — S
(foh)(b) (hy © (D)
b b
— /[ = — [ h
e, €
e I/ f = €

Fig. 3.22 — Four types of morphism.

If a morphism is a bijection it is called an isomorphism.

Exercise 3.56 (restriction of a morphism) — Let O, be an internal binary operation on a
set B, and let 0O, be an internal binary operation on a set B,. Let X, be a 0,—closed subset
of B, and X, be a subset of B, such that X, € [f(X,), B,], where f is a mapping from B,
to B,. Prove that if fis a morphism from (B, 0,) to (B,, 0,) then f/X,, X, is a morphism
from (X, 0,)) to (X,, O,). O

Exercise 3.57 (closure of the image of a closed subset through a morphism) — 1. Let O,
be an internal binary operation on a set B, and let 0, be an internal binary operation on
a set B,. Let f be a morphism from (B,, 0,) to (B,, 0,) and let X, be a 0 —closed subset
of B,, prove that f{X,) is a 0,—closed subset of B,.

2. Let .| be an external binary operation on a set B, with operand in a set C and let
-2 be an external binary operation on a set B, with operand in C. Let f be a morphism from
(B, -1) to (B,, -2) and let X, be a .—closed subset of B, prove that f{X,) is a -»—closed
subset of B,. O
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Ve \\\
// \ S
ao,b flao, b) = fa) o,fb)
/// AN \\\\
cib fleb) = cof ()
/// AN \\\\
h,(b) F(h(D)) = hy(f(D))
Bl H 32
NN
AN ~N

Fig. 3.23 — Four types of morphism.

Exercise 3.58 (restriction of an isomorphism) — Let O, be an internal binary operation on
aset B, and let 0O, be an internal binary operation on a set B,. Let X, be a 0 —closed subset
of B,. Prove that if fis an isomorphism from (B, 0,) to (B,, 0,) then f/X.,.f(X,) is an
isomorphism from (X,, 0)) to (f(X,), 0,). O

Solution — The mapping f/X,,f(X,) is injective (since f is injective) and is surjective by
definition, therefore it is bijective. Since fis an isomorphism from (B,, 0)) to (B,, 0,),
by Exercise 3.57, f(X,)is a 0,—closed subset of B,. By Exercise 3.56, it is a morphism
from (X, o)) to (f(X,), O,), therefore it an isomorphism from (B,, 0)) to (B,, 0,). O



Pointwise enhancement 103

Similar results hold for the restriction of an isomorphism of external binary opera-
tions, unary operations and nullary operations.

Exercise 3.59 (inverse of an isomorphism) — Let O, be an internal binary operation on
aset B, and let O, be an internal binary operation on a set B,. Prove that if fis an isomorph-
ism from (B, 0,) to (B,, 0,) then f~"is an isomorphism from (B,, o, to (B, o). O

Solution — For any a and b in B,,
fao,b) = (@) o, f(F (b)) (f' is a right inverse)
= (¢ (@) o, f (D) (f is an isomorphism)

= fa) o, f'(b). (f'is a left inverse)
O

Similar results hold for the inverse of an isomorphism of external binary operations,
unary operations and nullary operations.

A morphism of monoids from(A |, 0,,e,) to (A,, O0,, e,) is a morphism for the binary
operations O, and 0O,, and a morphism for the nullary operations that select the elements
e, and e,. We denote by M(A,, A,) the set of these morphisms.

Definition 3.60 (linear mapping) — A linear mapping from the vector space (V,, +, ., 0)
over R to the vector space (V,, +, -, 0) over R is a morphism of vector spaces, that is, a
morphism for the additions + on V|, and + on V,, and a morphism for the products . on
V,and . on V, by a scalar in R. We denote by L(V, V,) the set of the linear mappings
from V,to V,. O

Exercise 3.61 (linear mapping property) — Prove that if / is a linear mapping from V, to
V,, then [ is a morphism for the nullary operations o on V; and o on V,. O

Let (A,, =)and (A,, =<)be two lattices, then a morphism from A, to A, for the binary
operations V. (on A,) and V. (on A,) is called a joint morphism, and a morphism from
A, to A, for the binary operations A. (on A;) and AL (on A,) is called a meet morphism
(Birkhoff, 1967).

From two finite lattices (or more generally from lattices which have a least element
and greatest element) we can make up four classes of mappings which we call dilations,
erosions, anti—dilations and anti—erosions.

Definition 3.62 (elementary morphological mappings) — Let (A,, <) and (4,, <) be
two finite lattices, or more generally lattices which have a least element denoted by o, and
greatest element denoted by i.

A morphism for the commutative and idempotent monoids (A,, V., 0) and
(A,, V<, o0)is called a dilation (Serra, 1988). We denote by D(A, A,) the set of the dila-
tions.

A morphism for the commutative and idempotent monoids (A,, A-, i) and
(A,, A<, i)is called an erosion (Serra, 1988). We denote by E(A |, A,) the set of the ero-
sions.
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A morphism for the commutative and idempotent monoids (A,, V., 0) and
(A,, A<, i) is called an anti—dilation (Serra, 1987; Banon & Barrera, 1993). We denote
by D*A,, A,) the set of the anti—dilations.

A morphism for the commutative and idempotent monoids (A,, A-, i) and
(A,, V<, o) is called an anti—erosion (Serra, 1987; Banon & Barrera, 1993). We denote
by E*A,, A,) the set of the anti—erosions.

The dilations, erosions, anti—dilations and anti—erosions are called elementary mor-
phological mappings or, simply, elementary mappings. O

If the posets (A;, <) and (A,, <) are finites lattices then we have the following
results. We will omit the reference to the partial order when using the union and intersec-
tion symbols.

Proposition 3.63 (lattice versus increasing mapping) — Let (A,, <) and (A,, <) be two
lattices. A mapping f from A, to A, is increasing iff, for any a and b in A,

fl@) Vv f(b) = fla V b),
or equivalently, iff for any a and b in A,
fla A b) < f(a) A f(b). O

Proof — See Lemma 2.1, p. 260 of Heijmans & Ronse (1990) for the case where A, and
A, are identical or Proposition 3.1, p. 33 of Banon & Barrera (1994) for the case where
A, and A, are two Boolean lattices. O

Proposition 3.64 (finite lattice versus decreasing mapping) — Let (A, <) and (A,, <)
be two finite lattices. A mapping f from A, to A, is decreasing iff, forany a and bin A,

flaVv b) = f(a) A f(D),
or equivalently, iff for any a and b in A,
fla) v f(b) = f(a A D). O
Proof — The result follows from Proposition 3.63 by duality. O
As a consequence of these two propositions, we can state the following properties.

Proposition 3.65 (property of the elementary mappings) — Let (A,, <) and (A,, <) be
two finite lattices. Let o, (resp., 0,) and i, (resp., i,) be, respectively the least and greatest
element of (A,, <) (resp., (A,, <)). Let f a mapping from A, to A,, then we have the
following statements:

f1is a dilation = fis increasing and f(o,) = o0,
f1is an erosion = fis increasing and f(i;) = i,
f1is an anti—dilation = fis decreasing and f(o,) = i,
f1is an anti—erosion = fis decreasing and f(i,) = o0,. O

Proof — The increase and decrease properties derive from the definition of the four classes
of elementary mappings and from Propositions 3.63 and 3.64. The remaining properties
derive from the definition of the four classes of elementary mappings. O

In Proposition 3.65, the converse statements are not true in general. Nevertheless,
they are true when A is a finite chain.
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Proposition 3.66 (characterization of the elementary mappings whose domain is a finite
chain) — Let (A,, <) a finite chain and let (A,, <) be a finite lattice. Let o, (resp., 0,)
and i, (resp., i,) be, respectively the least and greatest element of (A, <) (resp., (A,, <)).
Let f a mapping from A, to A,, then we have the following statements:

f1is a dilation < fis increasing and f(o,) = o0,
f1is an erosion <> fis increasing and f(i;) = i,
f1is an anti—dilation < fis decreasing and f(o,) = i,
f1is an anti—erosion <> fis decreasing and f(i,) = o0,. O

Proof — Let us prove the first statement. Let us prove =>. If fis a dilation then, by Proposi-
tion 3.65, fis increasing and f(o,) = 0,. Let us prove <. For any a and b in A,

fa@aV b) < flaV f(b) (@aV b=aorb,and V property)
< f(aV b) (f is increasing and Proposition 3.63)

In other words, by antisymmetry of <, foranyaandbin A, f(a V b) = f(a) V f(b).
Together with the assumption that f(o,) = o0,, this prove that f is a dilation.

Before ending this presentation on morphism, we state three propositions showing
that the subsets of morphisms of some specific operations may be closed under some ex-
tended operations.

Proposition 3.67 (closure properties of the morphisms of internal binary opera-
tions) — Let (A, 0) be a set equipped with an internal binary operation and let (B, 0) be
a commutative semigroup.

1. Then the set of morphisms M_(A, B) is o, ,—closed.

2. If (B, -) is a set equipped with an external binary operation with operand in C which
is distributive over O, then M (A, B) is . ga—closed.

3. If (B, ep) is a set equipped with a nullary operation such that e; 0 e; = ey, then

M,(A, B) is e ,—closed. O
Proof — 1. For any fand g in M(A, B), and any x and y in A,

fogxoy) =f(xoy)ogxoy) (extension definition)

= (f(x) o f()) o (gx) og) (fand g are morphisms)

= f(x)o(f(y) o(gx) og®)) (associativity of o on B)

= f(x) o ((f(y) ogx) ogl)) (associativity of o on B)

= f(x)o((gx)of(y) ogly)) (commutativity of o on B)

=f(x)oEx o og®)) (associativity of o on B)

= (fx)ogx) o) ogh) (associativity of o on B)

= (fogxo(fogo)). (extension definition)

In other words, f o gisin M,(A, B).
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2. For any fin My(A, B), any a in C, and any x and y in A,

(apHxoy) =af(xoy) (extension definition)
= a.(f(¥) 0 F() (f is morphism)
= a.f(x) oa.f(y) (distributivity of .over O)
= (a-Hx) o (@HO) . (extension definition)

In other words, a-fis in M,(A, B).

3. Let e be the element of B* selected by the extension to B* of the nullary operation
on B, for any x and y in A,

e(xOy) = e (extension definition)

=ezOey (hypothesis)

= e(x) O e(y). (extension definition)

In other words, e is in M (A, B). O

Proposition 3.68 (closure properties of the morphisms of external binary opera-
tions) — Let (C,.) be a set equipped with a commutative internal binary operation. Let
(A,.) and (B, .) be two sets equipped with an external binary operation with operand in
C, such that, for any b in B, and any a and § in C,

a-(8-b) = (a-f)-b. (mixt associativity)
1. Then the set of morphisms M (A, B) is - ;a—closed.

2. If (B, D) is a set equipped with an internal binary operation such that . on B is dis-
tributive over O, then M (A, B) is DBA—closed.

3. If (B, ep) is a set equipped with a nullary operation that selects e , and for a in C,
a'eB = €,
then M (A, B) is e, ,—closed. O

Proof — 1. For any fin M (A, B), any a and 8 in C, and any x in A,

@NP-x) = af(PB-x) (extension definition)
= a-(Bf(x)) (fis morphism)
= (@f)f ) (mixt associativity of - on C and B)
= B-a)f(x) (commutativity of . on C)
= B.(af(x)) (mixt associativity of - on C and B)
= f.(a-Hx) . (extension definition)

In other words, a.fis in M (A, B).
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2. For any fand g in M (A, B), any a in C, and any x in A,

(fo gax) = f(a-x) o gla-x) (extension definition)
= a.f(x) oa.gx) (f and g are morphisms)
= a-(f(x) o g(x)) (distributivity of . on B over 0)
= a-(fo g)x). (extension definition)

In other words, fo gisin M (A, B).

3. Let e be the element of B* selected by the extension to B* of the nullary operation
on B, for any a in C, and x in A,

e(a-x) = ey (extension definition)
= a.ep (ep property)
= a.e(x). (extension definition)

In other words, e is in M (A, B). O

Proposition 3.69 (closure properties of the morphisms of nullary operations) — Let
(A, ey) and (B, ep) be two sets equipped with a nullary operation.

1. Then the set of morphisms M, (A, B) is e, ,—closed.

2. If (B, o) is a set equipped with an internal binary operation such that e; 0 ez = ey,
then M, (A, B) is DBA—closed.

3.If (B, .) is a set equipped with an external operation with operand in C, such that,
for any a in C,

a'eB = €p

then M, (A, B) is . ga—closed. O

Proof — 1. Let e be the element of B* selected by the extension to B* of the nullary opera-
tion on B, then e(e,) = e by extension definition. In other words, e is in M, (A, B).

2. For any fand g in M,(A, B),

(fogey) = fley) O gley) (extension definition)
= ezOey (f and g are morphisms)
= ep (hypothesis)

In other words, f o gisin M(A, B).
3. For any fin M (A, B), and any a in C,

(aNey) = a.fley) (extension definition)
= a.ey (f is a morphism)
= € (ep property)

In other words, a.fis in M,(A, B). O
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Extended binary relation and power lattice

Let A be a non—empty set. From a binary relation on B we can construct a binary rela-
tion on the set of mappings from A to B.

Let R be a binary relation on B. For any fand g in B*, the extension to B* of the binary
relation R on B is the binary relation denoted by S and defined by
A
fSkg <= (f(@ R gla), Ya € A).
In the particular case of partial ordering relations, we have the following result.

Proposition 3.70 (partial order extension) — Let A and B be two non—empty sets. Then,
the extension < _ to B* of a partial ordering relation < on B is a partial ordering relation.
O

Exercise 3.71 (partial order extension) — Prove Proposition 3.70. O

A consequence of the partial order extension is the following extension for lattices.

Proposition 3.72 (extension property for a lattice) — Let (B, <) be a lattice. Then,

(B*, < .)is alattice and, for any fand g in B*,
suplf,g) = f Vg and inf{fg) = f Ap g,

where V. and A, are, respectively, the extensions to B* of V_and A.on B. O
Proof — For any fand g in B*, any a in A and any b in B,

f(@) = b and gla) = b <= f(a) V< gla) = b (def. of V. and sup)

< (f Vp g)a) = b, (definition of Vg.)

by mapping definition, this implies that, for any distinct f, g and 4 in B*, and any a in A,
f(@) < h(a) and ga) < h(a) = (f Vg g)@) < h(a).

By definition of binary relation extension, the above statement is equivalent to, for
any distinct f, g and & in B*,

f<.handg<_h < (f Vpg) <. h

By Proposition 3.70, the binary relation < _ in the above statement is a partial order-
ing, therefore, any distinct f and g in B* have a supremum which is f V. g.

The same reasoning applies to the infimum. Therefore (B*, < .) is a lattice. O

A consequence of the above proposition is that V. _ and A-_ on B* are, respective-
ly, Vg and Ag,.

The lattice (B*, < .) of the above proposition is called a power lattice or a function
lattice extended from the lattice (B, <).

Proposition 3.73 (extension property for a lattice having a least element and a greatest
element) — Let (B, <) be a lattice with the least element denoted by o and the greatest
element denoted by i. Then, (B*, < .) has a least element and a greatest element, and
these elements are, respectively, a — o and a — i. Furthermore, the mappings a — o
and a — i, are, respectively, the unit elements of V_._ and A._on BA. O
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Proof — By the least and greatest element definitions, for any fin B* and any a in A,
0= f(a) =1i;
therefore, by the binary relation extension, for any fin B*,
(amo0)=-f=<(a—),

that is, a = o0 and a — i are, respectively, the least element and the greatest element of
(BA7 = S)'

This result and Proposition 3.48 imply the last statement. This last statement could
also be obtained by observing that o and i are, respectively, the unit elements for V.
and Acon B, and by applying Proposition 2.48. O

We observe that the nullary operations on B* that select, respectively, the least map-
ping and the greatest mapping are, the extensions to B* of the nullary operations on B
which select respectively the least element and greatest element of (B, <).
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Filtering

Image simulation and restoration can be achieved through filtering. A spatially invariant
filter is characterized by a measure. Its properties depend on the properties of its
associated measure. So we begin to study the measures.

At the contrary of the previous chapter, in this one we will consider some properties
of the image domain.

4.1 Measure

Measures can be made on images. We define a measure on a digital image as a measure
on a mapping.

Definition 4.1 (measure) — An image measure, or, simply, measure is a mapping from an
image set to a gray—scale. O

In this section, we denote the image domain by W.

If K, and K, are any gray—scales (continuous or discrete), we denote by Me(K, Y K)),
or sometimes simply by Me, the set of measures from K o K,

Figure 4.1 shows an image measure.

The mapping from [0, 1]" to [0, #W] (where the intervals are intervals of natural
numbers), given by g — #g~'({1}), is an example of useful measure. This measure gives
for each binary image with domain W, its number of white pixels.

111
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8 u(g)

w

K, K,

Fig. 4.1 — A measure.

For each i in a discrete gray-scale K,;, the mapping from K Y to
{0, 1/#W,2/#W, ..., 1}, given by g — H(g)(i), (where H(g) is the histogram of g), is
another example of measure.

The mapping from R" to R given by g — m(g), where m(g) is the mean of g as
defined in Section 2.2 is one more example of measure.

When we compose a measure with an appropriate lut we get another measure. If the
lut is a morphism of an external operation as defined in Proposition 4.36, then the com-
position reduces to an external operation.

Exercise 4.2 (composition of a measure and a lut which is a morphism of an external op-
eration) — Let (K,, -, ¢,") be a commutative monoid and let M (K,, K,) be the set of luts
from K, to K, which are morphisms for the operation . viewed as an external binary op-

eration (with operand in K,). Let u be a measure in Me(K, Y K,), using Proposition 4.36,
prove that for any / in M (K, K,),

lou = a,;u. O

Solution — For any / in M (K,, K,) and any g in K",

(ou)g) = lu(g) (composition definition)
= lal(,u(g)) (Proposition 4.36)
= u(g)-a, (1, definition)
= a,;u(g) (commutativity)
= (a;-1)(g). (extension definition)

O

We now present our last example of measure.
Let g be an image from W to K|, for any u in W we denote by u,(g) the expression
defined by
A
m(g) = gu).

For each u in W, the above expression defines a mapping u, from K, “to K,. This measure
gives the value of a pixel at position u, of the image g, for short we call it read—pixel.

The read—pixel measures have the following property.
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Proposition 4.3 (read—pixel morphism property) — Let W be a non—empty set.

1. Let (K, O) be a set equipped with an internal binary operation and let (K ", o) be
its extension to the set of images whose domain is W, then, for any u in W, the read—pixel
measure (, is a morphism from (KIW, o) to (K, D).

2. Let (K, -) be a set equipped with an external binary operation with operand in a
set C, and let (K lW, .) be its extension to the set of images whose domain is W, then, for
any u in W, the read—pixel measure u, is a morphism from (K lW, ) to (K4, -)

3. Let (K|, e;) be a set equipped with a nullary operation and let (K, " e) be its exten-
sion to the set of images whose domain is W, then, for any « in W, the read—pixel measure

U, is a morphism from (KIW, e)to (K, e)). O

Proof — 1. For any u in W, and any images g and 4 in K W

ugoh) = (goh)(u) (u, definition)
= g(u) o h(u) (extension def.)
= w.(8) o u,(h). (u, definition)

2. For any u in W, any image g in K,", and any a in C,

mla-g) = (a-g)(u) (u, definition)
= a.g(u) (extension def.)
= a-u,(8). (u, definition)
3. For any u in W,
uu(e) = e(u) (u, definition)
= e, (extension def.)
O

Before characterizing the measures that are morphisms, we introduce the notion of
pulse image and we give some of its properties. We also give a result concerning an image
decomposition.

Definition 4.4 (pulse image) — Let ¢, be a given gray level in K, for any u in W and s
in K|, the pulse image or pulse mapping g, , with a pulse of intensity s at u and with back-
ground e, is the mapping from W to K, defined by, for any v in W,

N E if v=u O
8us(v) e, otherwise.

In other words, g, ,is the image of a “point” at position u, the value of the pixel at
position u being s and the value of the remaining pixels being e,. Figure 4.2 shows an ex-
ample of a pulse image. The pair (u, s) defines a pixel in W X K, which is shown on the
upper part of the figure.

For each u in W, the mapping from K, to K W given by s — g, is a morphism as
shown in the next proposition.
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(u,5) =

8u.s

cCoocoocoocoo oo
cCoococoococoo oo
cCoocoocoocooo oo
cCoococoococoo oo
cCoocoocoococo oo
cCoococoococoo oo
cCoocococoowooo
cCoococoococoo oo
cCoocoocoococo oo
cCoococoococoo oo
cCoocoocoocooo oo

Fig. 4.2 — A pulse image.

Proposition 4.5 (pulse image property) — Let W be a non—empty set and let (K, e¢;) be
a set equipped with a nullary operation e, which selects the element e,.

1. Let (K,,0) be a set equipped with an internal binary operation such that

e, 0e = e, andlet (K lW, 0) be its extension to the set of images whose domain is W,
then, for any u in W, and s and ¢ in K|,

gu,(SDt) = gu,x ] gu,t'

2. Let (K, -) be a set equipped with an external binary operation with operand in a
set C, such that, for any a in C,

a.e, = e,
and let (K lW, .) be the extension of (K, -) to the set of images whose domain is W, then,
for any u in W, s in K, and any a in C,
gu,a.x = a'gu,x'

3. Let (K lW, e) be the extension of (K|, e,) to the set of images whose domain is W,
then, for any u in W,

8ue, = € O
Proof — 1. First, for any u in W, and s and ¢ in K,

8uson) = s0Ot (g.., definition)
= &u.s(w) 0 g, () (g.., definition)
= (8u.s O gu.)(W); (extension def.)

second, for any u# and v in W, such that u # v, and s and ¢ in K|,
8uon(V) = € (g.., definition)
= e, Oe¢ (o property)
= 8us(V) 0 8..v) (g.., definition)
= (8.5 0 8u)(V); (extension def.)

that is, for any # in W, and sand tin K, g, ;o5 = &us O &urr
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2. First, for any # in W, s in K, and a in C,
Buas) = a-s
= a-gu(u
= (-8, )W);
second, for any u and v in W, such that u # v, sin K, and a in C,
8uas(V) = €
= a.e,
= a-8,,(v)
= (a-8u)(V);
that is, forany uin W, sin K, anda in C, g, ., = a-g,.
3. For any u in W,
8ue, () = €,
= e(u),

that is, for any uin W, g, . = e.
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(&, definition)
(&, definition)

(extension def.)

(&, definition)
(- property)
(&, definition)

(extension def.)

(&, definition)

(extension def.)

O

Concerning an image decomposition we have the following important result.

Proposition 4.6 (image decomposition) — Let (K, 0, e,) be a commutative monoid, then

for any g in K",

D gu,g(u) = &. o
uew
Proof — Let g be in K, ", for any v in W,
(O gue® = 0O guew® (extension definition)
uew uew

=80 O &ugw®) (commutative monoid property)

uew

u#v

= 8 O e
ue w
u# v

= &vgmH e
= 8w

= g(v),

that is, by mapping equality definition, O g, .., = &
uew

(&, definition)

(unit element)
(unit element)

(&, definition)

O
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In order to exemplify, let us consider an image g from the domain 2 X 2 to the gray—
scale K = {0,1,2,3,4}. With the usual order < on the natural numbers, (K, <) is a
chain with 0 has least element and, from Propositions 3.43 and 3.48, (K, V.,0),isacom-
mutative and idempotent monoid, where 0 is the unit elements of V.. By denoting simply

by V the extension to K**?of V. and applying Proposition 4.6, the decomposition of

g = 3]s

e=[oalv v vy

To characterize the measures that are morphisms we will need to consider the map-

pings from W to K,"1. We have encountered such mappings in Chapter 3 to characterize
the pointwise operator, but this is merely a coincidence.

If [ is such a mapping, we observe that, for any u in W, the value /(u) is a Iut from K,
to K, for this reason we call / a family of luts.

We denote by Lu(W, K,"1), or sometimes simply Lu, the set of families of luts from
Wto K, 1.

We now introduce some notation for extended operations on the measures and on the
families of luts.

Let o be an internal binary operation on K,, let . be an external operation on K, with
operand in a set C, and let e, be a nullary operation on K,.

For the measures, we denote by O the extension to Me(K lW, K,)of oon K,, by - the
extension to Me(K lW, K,) of . on K,, and by ¢ the extension to Me(K lW, K,)of e,on K,.

For the families of luts, we denote by O the extension to Lu(W, KZK‘) of the extension
to KZK‘ of oon K,, by . the extension to Lu(W, KZK‘) of the extension to KZK‘ of . on K,

and by e the extension to Lu(W, KZK‘) of the extension to KZK‘ of e, on K,.

We are now ready to characterize the measures that are morphisms.

Let u be in Me(K lW, K,), let u be an element of W and let s be an element of K, we
denote by /,(u)(s) the expression defined by

L(u)(s) = u(g..)-

Let / be in Lu(W, K,""), we denote by u, the expression defined by

w= 0O lwou,
u€ew

Proposition 4.7 (characterization of the measures which are morphisms) — Let W be a
finite set.
1. Let (K,,0,¢;) and (K,, O, e,) be two commutative monoids, then the mapping

u—1, from Mg, (K, i K,) to the set Lu(W,M, (K|, K,)) of mappings from W to
M. (K|, K,) is a bijection. Its inverse is [ — u,.
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2. Let (C,.) be a set equipped with a commutative internal binary operation. Let
(K, O, -, e,) set equipped with an internal binary operation 0O, an external binary operation
- and a nullary operation e, such that (K,, 0, e,) is a commutative monoid. If (K,, O, -, e,)
is such that (K,, O, e,) is a commutative monoid and -.is an external binary operation (with
operand in C) satisfying for any s and ¢ in K,, and any a and § in C,

a-e, = e, a1 = (@P)t and a.(sof) = asoat,

then the mapping u — [, from M, (K, W, K,) to the set Lu(W,M,,_ (K|, K,)) of map-
pings from Wto M, (K, K,) is a bijection. Its inverse is [ — u,. O

Proof — 1.1. Let u be a measure from K "'to K,, then by definition /, is a mapping from
Wto KQK'. Furthermore, let u be in M (K, W, K,). First, for any u in W, and s and ¢ in K,

Lw)(son = ug oy (1, definition)

= u(g.s 0 &u) (Proposition 4.5)

= u(g. ) O u(g.,,) (u is a morphism)

= L,(u)(s) o0 L(u)(t); (1, definition)

second, for any u in W,

L(uw)(e)) = u(g...,) (1, definition)

= u(e) (Proposition 4.5)

= ey (u is a morphism)

that is, for any u in W, the lut /,(u) is in M (K, K,).

1.2. Let ! be a mapping from W to K,"1, then by definition, u,is a measure from K, v
to K,. Furthermore, for any u in W, let I(«) be in M (K|, K,). From Proposition 4.3, the

read—pixel measure i, is a morphism from (K lW, o, e) to (K, O, e;), then from Proposi-

tion 4.40, [(u) o u, is a morphism from (KIW, 0, e) to (K,, O, e,). Therefore, by Proposi-

tions 3.67 and 3.69, W being finite, [0 [(u)ou, is a morphism from (KIW, O, e) to
uew

(K,, O, e,), that is, u,is in M (K,", K>).

1.3. Let u be a measure in M, (K W, K,), for any g in KIW,

M) = 0O Lwop)g) (u, definition)
uew

= 0O ((u)ou,)(g) (extension definition)
uew

= 0O L) (composition definition)
w

u e
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= O Lw(gw) (u,, definition)
ue w
= 0O w8 w (1, definition)
ue w
=u( O 8uew) (4 is a morphism)
ue w
= u(g), (Proposition 4.6)

that is, 4 + [, is an injection.
1.4. Let [ be a mapping from Wto M, (K|, K,), for any vin Wand s in K|,
L)) = ui(g..s) (1, definition)

=( 0O Iwou)(g,y (u, definition)
ue w

O d{wou)g..,) (extension definition)
w

u e

= 0O lwulg.,s) (composition def.)
uew

= O Uuw(g, (W) (u, definition)
uew

Iv)(g.,,(v) o O Uu)g.u)

((K,, 0) is a commutative semigroup)

I(v)(g.,,(v)) o ( IZIW l(u)(e))) (84,5 def)

+M

u
u

=1v)(g, M o( O e)  (l(u)isamorphism)
€
=

= 1v)(g.,(v) oe, (unit element for (K,, 0))
= 1v)(g, ,(v)) (unit element for (K,, 0))
= 1(v)(s), (8.5 def.)

that is, u + [, is a surjection.

This prove that the mapping u — [, from M_ (K, ¥ K,) to the set of mappings from
Wto M, (K|, K,) is a bijection.



Filtering 119

2.1. Let u be in MD’_’E(KIW, K,). For any uin W, sin K, and a in C,

L(@-5) = (84 0) (1, definition)
= ula-g., (Proposition 4.5)
= a-u(g., (u is a morphism)
= a.l,(u)(s); (1, definition)

that is, together with 1.1, for any u in W, the lut [,(u) is in M (K|, K,).

2.2. For any u in W, let /(1) be in M, (K, K,). From Proposition 4.3, the read—pixel
measure Y, is a morphism from (K lW, o,-,e)to (K, 0, -, e,), then from Proposition 4.40,
l(u) o u, is amorphism from (K, W, o, -, e) to (K,, 0, -, e,). Therefore, by Propositions 3.67

to 3.69, W being finite, [0 [(u) o u, is a morphism from (KIW, O,-,e) to (K,,0,-,e,),
uew

that is, u,is in M, _(K,", K,).
Therefore, from Part 1 and by Exercise 1.26, the mapping u — [, from
M, (K, W, K,) to the set of mappings from Wto M, (K, K,) is a bijection. O

Figure 4.3 shows the bijection u — [, of Proposition 4.7 for the morphisms of mono-
ids.

— T
morphisms p=> 1,
W Lu(W’ MD,E(KI’ KZ))

MD,E(KI 7K2)\
separable
measures

Me(K,", K») Lu(W, K,"")

(measures) (families of luts)

Fig. 4.3 — Characterization of the measures which are morphisms of monoids.
In Figure 4.3 we have represented the set of separable measures which definition is
given below.

A measure u from K "to K, is called separable with respect to an internal binary
operation 0 on Me(K lW, K,), iff there exists a family / of luts from W to KZK‘ such that

u= 0O lwou, 4.1)
u€ew
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In other words, the set of separable measures with respect to an internal binary opera-
tion is the image of the set of families of luts through the mapping [ — u,.

Let us verify, in the discrete case, that there exist measures which are not separable.

The number of measures from K, " to K, is (#K,)*1 ™" and the number of separable
measures is bounded above by ((#K,)*1)*" (the number of lut families). If we choose K,
K, and W such that #K, = #K, = 2 and #W = 4, then we find that the number of mea-
sures 2@ = 216 5 greater than the upper bound (2%)* = 2® for the number of separable
measures.

A measure satisfying expression (4.1) is called separable since its value at g is a com-
bination, through an associative binary operation, of each value g(u), u running over W.
Figure 4.4 shows a separable measure u.

8(uy) U

M, I(u,)

8 u(g)

w

g(uy,) K,

Ky, l(u,)

W = {uh ey un}

Fig. 4.4 — A separable measure.

It could be interesting to prove that the mapping [/ — u, from the set of families of
luts, may not be injective.

An important consequence of Proposition 4.7, is that any measure which is a morph-
ism of commutative monoids is a separable measure.

The idea of the mapping / — u, can be found in Heijmans (1994, Prop. 5.3, p. 126).

Let V be a subset of W, and let 4 be a measure from K ,"'to K, which is a morphism

of commutative monoids (as in Proposition 4.7). A measure from K, "to K,, denoted u,
is called a submeasure of u iff

wy = O Lo w,/V).
ev

u

We observe that u,, = u.

The notion of submeasure will be useful in the next section to deal with border effect
in image processing.
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We now study some properties of the above characterization.

Proposition 4.8 (morphism between families of luts and measures) — Let W be a finite
set and let (K,, O, e,) be a commutative monoid.

1. The mapping [ — u, from the set Lu(W, K,"1) of families of luts from K, to K, to
the set Me(K, YK ,)of measures from K, Yo K », 18 a morphism of the commutative mono-
ids (Lu(W, KQK‘), 0, e) and (Me(KlW, K,), 0, ¢). That is, we have, for any families of luts
[ and m in Lu(W, K,*1),

Higm = MO Uy and U, = ¢

2. If (K,, ) is a set equipped with an external binary operation, with operand in a set
C, which is distributive over O, then the mapping [+~ u, from Lu(W, K1) to
Me(KlW, K,) is a morphism from (Lu(W, KQK‘), .) to (Me(KlW, K,), ). That is, we have,
for any family of luts / in Lu(W, K, and @ in C,

Mo = QU - U

Proof — By Proposition 3.51, (Lu(W, KQK‘), 0, e) and (Me(K, W, K,), 0, &) are two commu-
tative monoids.

1.1. For any mapping / and m in Lu(W, K", any g in K",

Hiom(8) = ( EW (L om)(u) ou,)(g) (u, definition)

= 0O (@om@)ou,)g) (extension definition)
ue w

= 0O J(om@wu(g) (composition definition)
u w

= O (omu(gu) (u, definition)
ue w

= 0O (w) om@)(gu) (extension definition)
ue w

= O luw(gu)omu)(gu)) (extension definition)
ue w

O Iw(gw)o O mu)(g(u)) (commutativity and associativity)
uew

u e

= 0O lwu o O mwg) (u, definition)
ue w u€ew

= 0O (wou)go O mu)ou)g (composition definition)
ue w uew



122

that is, for

Chapter 4

=( 0 lwou)go( O mmyou,(g (extension definition)
ue w uew

= u(g) ou.(g) (u, definition)

= (0 p,)(8)s (extension definition)

any mapplng l'and m in Lu(W7 K2K1)7 Rigw = KO Uy

1.2. For any g in KIW,

uAg)

that is, u,

2. For

Uolg)

=( 0O eou)g (u, definition)
u€ew

= 0O (e(w)you,)(g) (extension definition)
uew

= O ewwm.g) (composition definition)
uew

= 0O e()(gm) (u, definition)
uew

= O e (e definition)
uew

= e, (unit element)

= ¢(9), (¢ definition)

= ¢.

any mapping / in Lu(W, K", any a in C, and any g in K",

=( 0O (@bhou,)g) (u, definition)
uew

= O (abhwm)ou,)g) (extension definition)
uew

= O (a-Dwu.g) (composition definition)
uew

= 0O (a-D)(gu) (u, definition)
uew

= O (alw)(gw) (extension definition)
uew

= 0O alu(g(w) (extension definition)

uew
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=a.( O u)(gw)) (distributivity)
uew
=a( O lww.(g)) (u, definition)
uew
=a.( O Uwou,)g) (composition definition)
uew
=a( O lw)ou,)(g) (extension definition)
uew
= a-u(g) (u, definition)
= (a-u)(g), (extension definition)
that is, for any mapping / in Lu(W, K, and @ in C, Ugy = Q. O

From the above two propositions we can state the following result.

Proposition 4.9 (properties of the characterization of the measures which are morph-
isms) — Let W be a finite set.

1. Let (K,,0,¢;) and (K,, O, e,) be two commutative monoids, then the mapping
u—1, from Mg, (K, W, K,) to the set Lu(W,M_ (K|, K,)) of mappings from W to
M. .(K,,K,) is an isomorphism from the 0O, —closed and ¢&y—closed set

M, (K, W, K,), 0, ¢) to the o;,—closed and e ,—closed set (Lu(W, M, (K|, K>)), O, e). Its
inverse is [ — u,.

In particular, we have, for any measures x4 and v in M (K, W, K,),

lyg, =1l,0l and [, =e¢,

and, for any / and m in Lu(W, M, (K|, K,)),

Higm = MO Uy and U, ==&

2. Let (C,.) be a set equipped with a commutative internal binary operation. Let
(K,, O, -, e,) be a set equipped with an internal binary operation 0O, an external binary op-
eration - (with operand in C) and a nullary operation e, such that (K, 0, e,) is a commuta-
tive monoid. If (K,, 0O, -, e,) is such that (K,, 0, ¢,) is a commutative monoid and .is an
external binary operation (with operand in C) satisfying for any s and ¢ in K,, and any a
and B in C,

a-e, = e, a1 = (@P)t and a.(sof) = asoat,
then the mapping u — [, from the oOy.closed, .y-—closed, and &y.—closed set

M, (K, i K,) to the o ,—closed, .| ,—closed and e;,—closed set Lu(W,M, (K|, K,)) of

mappings from W to M, (K, K,) is an isomorphism from (M (K, W, K,),0,-.,¢) to
Lu(W,M,, . [(K|,K>)),0O,-,e). Its inverse is [ — u,.
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In particular, we have, for any measures u in M, (K, W, K,) and any a in C,
lyy = a-l,,
and for any / in Lu(W,M,_(K|,K,)) and a in C,
Hor = QU . O
Proof — 1.1. By Propositions 3.67 and 3.69, the sets M(K,", K,) and M(K,", K,) are
Oyc—closed and ¢&y.—closed. Consequently, by Proposition 3.55 their intersection
M, (K, v K,),0,¢) is also Oy—closed and ¢y,.—closed.
Let denote by Lu(W, M (K, K,)) the set of families of luts which are morphisms for
oon K, and K,, and let denote by Lu(W, M (K, K,)) the set of families of luts which are

morphisms for the nullary operations on K, and K,. Since M,(K,, K,) and M (K, K,) are
O szl—closed and e szl—closed, by Proposition 4.41, Lu(W,My(K,,K,)), and

Lu(W,M.K,, K,)) are O,,—closed and e,,—closed. Consequently, by Proposition 3.55
their intersection (Lu(W, M, (K|, K,)), 0, e) is also O;,—closed and e, ,—closed.

1.2. By Proposition 4.7, u — [, from M (K W, K,) to Lu(W,M, (K, K,)) s a bijec-
tion, and by Proposition 4.8, [+ u,; is a morphism of the commutative monoids
Lu(Ww, KQK‘), O, e) and (Me(KlW, K,), 0, &), therefore, I — u, and its inverse u — [, are
isomorphisms.

2.1. By Propositions 3.67 to 3.69, the sets M(K, ", K,), M(K, ", K,) and M(K,", K,)
are Oy.—closed, -y.——closed, and ¢y.—closed. Consequently, by Proposition 3.55 their in-

tersection (M, (K, v K,), 0, ., ¢) is also Oy.—closed, -y—closed, and &y.—closed.

Let denote by Lu(W, M (K|, K,)) the set of families of luts which are morphisms for
-on K, and K,. Since M,(K,, K,), M (K|, K,) and M (K|, K,) are Dszl—closed, K1 and
e szl—closed, by Proposition 4.41, Lu(W,M,(K,,K,)), Lu(W,M(K,,K,)) and

Lu(W,M.K,, K,)) are o,,—closed, -;,—closed and ¢, ,—closed. Consequently, by Proposi-
tion 3.55 their intersection (Lu(W,M, (K|, K})), 0, -, ) is also O, «—closed, - K1 and

e szl—closed.

K,

2.2. By Proposition 4.7, the mapping u — [, from MD’_’E(KIW, K,) to the set
Lu(W,M, .K,,K,)) is a bijection, and by Proposition 4.8, [ — u, is a morphism of

Lu(Ww, KQK‘), o, -, e) and (Me(KlW, K,), 0o, ., ¢), therefore, I — u,and its inverse u — [,
are isomorphisms. O

We now specialize Proposition 4.9 to the cases of continuous and discrete gray—sca-
les.

Let us consider first the continuous case.
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For the measures, the addition + on R can be extended to the set Me(R", R) (see
Section 2.4), resulting in an internal binary operation on the set of measures, that we call
addition and we denote by +. In the same way, the multiplication on R can be extended
to the set Me(R", R), resulting in an external binary operation on the set of measures, with
operand in R, that we call multiplication by a scalar and we denote by ..

The nullary operation 0 on R (that selects 0), can be extended to the set Me(R", R),
resulting in a nullary operation that selects the constant measure g — 0. We denote this
measure by o.

As in the case of the real images of Chapter 2, the algebraic structure
(Me(R",R), +, -, 0) consisting of the set of measures equipped with the above three op-
erations is a linear vector space.

Furthermore, Propositions 3.67 and 3.68 apply to the set of linear measures, in other
words, M, (R",R) and M (R",R) are + ,.closed and . —closed. Consequently, by
Propositions 3.55 and 3.53, (L(R",R), +,-,0) is a sub space of Me(R",R), +,-,0).

For the families of luts, the addition + on RR (see Section 3.1) can be extended to
the set Lu(W, R®) (see Section 2.4), resulting in an internal binary operation on the set
of families of luts, that we call addition and we denote by +. In the same way, the multi-
plication on R*® can be extended to the set Lu(W, R®), resulting in an external binary op-
eration on the set of families of luts, with operand in R, that we call multiplication by a
scalar and we denote by ..

The nullary operation o0 on R® (that selects the constant lut o : s +> 0), can be ex-
tended to the set Lu(W, R®), resulting in a nullary operation that selects the constant fami-
ly x — 0. We denote this family of luts by o too.

As in the case of the real images of Chapter 2, the algebraic structure
(Lu(W,R®), +, ., 0) consisting of the set of families of luts, equipped with the above three
operations is a linear vector space.

Let denote by Lu(W, M . (R, R)) the set of families of luts which are morphisms for
the addition on R, let denote by Lu(W, M (R, R)) the set of families of real luts which are
morphisms for the multiplication on R, and let denote by Lu(W, M (R, R)) the set of fami-
lies of real luts which are morphisms for the nullary operation on R which selects 0.

Since M, (R, R)and M (R, R) are + _g—losed, - g—closed and o g—closed, by Prop-
osition 4.41, Lu(W,M ,(R,R)) and Lu(W,M (R, R)) are +,closed and ., ,—closed.

Consequently, by Propositions 3.55 and 3.53, the set (Lu(W, L(R, R)), +, -, 0) of families
of linear luts is a sub space of (Lu(W,R¥®), +,.,0).

By applying Proposition 4.9 to the continuous case, we can state the following result.
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Proposition 4.10 (characterization of the linear measures) — Let W be a finite set, and
let (R, +, -, 0) be the linear vector space of the real numbers. The mapping u + [, from

the set L(R", R) of linear measures to the set Lu(W, L(R, R)) of families of luts which
are linear is an isomorphism of linear vector spaces. Its inverse is / = u, In particular,

we have, for any measures ¢ and v in L(R",R), and a in R,
lll+v = lll + lV’ la_ﬂ = a'lﬂ and lo = o,
and, for any / and m in Lu(W,L(R,R)), and a in R,
Ry = Wy + Uy Ugp = QU and U, = 0. 0

Proposition 4.10 shows that any linear measure u is a linear combination of the read—
pixel measures u, when u runs over W. Furthermore, since the set of these read—pixel
measures is linearly independent, these measures form a base for the linear vector space
of the linear measures.

Exercise 4.11 (coordinates of a linear measure) — Let u be in W. Prove that the coordinate
of a measure u in L(RY, R) with respect to the read—pixel measure u, is u(g, 1) O

Solution — For any ¢ in L(RY, R),

u= X2 Lwou, (Proposition 4.7)
7 w

= 2 Opui (Exercise 4.2)

uEw *

= Z LDnu, (a, definition)
uew

= 2 w8 )M (1, definition)
uew

O

Let us consider last the discrete case.

For the measures, assuming that (K,, <) and (K,, <) are two subposets of the poset
of Z of natural numbers under the usual partial order, where K, = [0, k] C Z and
K, = [0, k,] C Z, then, by Propositions 3.72, the poset (Me(K lW, K,), <) isalattice and

we can introduce the following four operations on the set Me(K "KD).

The measure union, denoted by V, is the union on (Me(K, W, K,), =), or equivalent-
ly, the extension to Me(K lW, K,) of the union V on K,.

The measure intersection, denoted by A, is the intersection on (Me(K lW, K,), =),

or equivalently, the extension to Me(K lW, K,) of the intersection A on K,.
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The least measure selection, denoted by o, is the extension to Me(K, W, K,) of the nul-
lary operation on K, which selects the value 0. This operation selects the least measure,
that is, the constant measure, g — 0. We denote by o this measure.

The greatest measure selection, denoted by ¢, is the extension to Me(K lW, K,) of the
nullary operation on K, which selects the value k,. This operation selects the greatest
measure, that is, the constant measure g — k,. We denote by ¢ this measure.

In the lattice (Me(K, W, K,), V, N\), we can identify the two idempotent and commu-
tative monoids (Me(K,", K,), V,0) and (Me(K,", K>), A, 1).

Furthermore, parts of Propositions 3.67 and 3.69 apply to the set of measures which
are dilations, in other words, the sets M , (K, i K,)and M (K i K,) are V y.—closed and
ome——closed. Consequently, by Propositions 3.55 and 3.52, (D(K lW, K,), V,0) is a sub-
monoid of (Me(K,", K,), V ,0).

Using the same arguments, (E"‘(KIW,KQ), V,0) is a submonoid of
Me(K,",K,), V,0), and (B(K,",K,), A,1) and (D¥K,",K,), A1) are submonoids of
(Me(K,", K>), A, 1).

We must observe that D(K, i K,) may notbe A y.—closed as shown is the next exer-
cise.

Exercise 4.12 (counter example) — Let W = {1,2}, K = {0,1}, and [ and m be two
families of luts from K to K" defined by, for any s in K,

[()(s) =s and [2)s) =0
m(1)(s) = 0 and mQ2)(s) = s.

Since [(1), I(2), m(1) and m(2) are dilations, u,and u,, are dilations too (see Proposi-
tion 4.9).

Let g, and g, be two images from W to K defined by,
g(1)=0 and g,(2) =1
g,(1) =1 and g,(2) =0.

Prove that u, A u,, is not a dilation by proving that

(Jul A /um)(gl v g2) = (Jul A /um)(gl) \ (Jul A /um)(gZ)- U

Solution — 1. For any image g from W to K,

(W AN pn)g) = ufg) N w8 (extension definition)
= (I(1)(g(1) vV 1(2)(g2)) A (m(1)(g(1)) V m(2)(g(2))) (u, def. for dil.)
= (&) v 0) A0V g2) (I and m definitions)
= g(D) A g(2). (union and intersection properties)

That is, for any g from Wto K, (u; A u,)(g) = g(1) A g(2).
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2. On one hand,

(U N )8 Vg = (81 V g)(1) A (g1 V g)(2) (Part 1)
= (g,(1) V g(1)) A (g:(2) V g,(2)) (extension definition)
=0OV1DHAAVO (g, and g, definitions)
= 1. (union and intersection properties)

On the other hand,

(W N (@) Y (A )82 = (81(1) A g1(2)) V (g2(1) A g5(2)) (Part 1)
=0OA1DVAAO (g, and g, definitions)
= 0. (union and intersection properties)

O

For the families of luts, assuming that (K,, <) and (K,, <) are two subposets of the
poset of Z of natural numbers under the usual partial order, where K, = [0, k;] C Z and

K, = [0, k,] C Z, then, by Propositions 3.72, the poset (Lu(W, KQK‘), <) is a lattice and

we can introduce the following four operations on the set Lu(W, K,"n.

The union of families of luts, denoted by V, is the union on (Lu(W, KQK‘), <), or
equivalently, the extension to Lu(W, K,"1) of the union V on K,"!.
The intersection of families of luts, denoted by A, is the intersection on

Lu(Ww, KQK‘), <), or equivalently, the extension to Lu(W, KZK‘) of the intersection A on
K, .

The least family of luts selection, denoted by o, is the extension to Lu(W, K,"1) of the

nullary operation on K,"1 which selects the constant lut s — 0. This operation selects the
least family of luts, that is, the constant family, x — (g — 0). We denote by o this family.

The greatest family of luts selection, denoted by i, is the extension to Lu(W, K,"1) of

the nullary operation on K,*1 which selects the lut s — k,. This operation selects the
greatest family of luts, that is, the constant family x — (g — k,). We denote by i this fami-

ly.

In the lattice (Lu(W, KQK‘), V, A), we can identify the two idempotent and commu-
tative monoids (Lu(W, K,"1), V,0) and (Lu(W, K,"1), A, ).

Let denote by Lu(W,M , (K}, K,)) the set of families of luts which are morphisms for

the unions on K, and K,, and let denote by Lu(W, M((K,, K,)) the set of families of luts
which are morphisms for the nullary operations on K; and K, which select 0.

Since M, (K}, K,) and M((K,, K,) are V szl—closed and o szl—closed, by Proposition

4.41, Lu(W,M (K}, K,)), and Lu(W,M((K,, K,)) are V | ,—closed and o,,—closed. Con-
sequently, by Propositions 3.55 and 3.52, the set Lu(W,D(K|, K,)) of families of luts

which are dilations is a submonoid of (Lu(W, KQK‘), V,0).
Using the same arguments, Lu(W, E*(K,, K,)) is a submonoid of (Lu(W, KQK‘), V,0),
and Lu(W,E(K, K,)) and Lu(W, D% K, K,)) are submonoids of (Lu(W, KQK‘), AL Q).
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By applying Part 1 of Proposition 4.9 to the discrete case, we can state the following
result.

Proposition 4.13 (characterization of the elementary morphological measures) — Let W
be a finite set, and let (K,, <) and (K,, <) be, respectively, the intervals [0, k,] and [0,
k,] of natural numbers equipped with the usual order relation.

1. The mapping u — [, from the set D(K lW, K,) (resp. E%K, W, K,)) of measures
which are dilations (resp. anti—erosions) to the set Lu(W, D(K,, K,)) of families of luts
which are dilations is an isomorphism of monoids. Its inverse is / = u,. In particular, we

have, for any measures u# and v in D(K lW, K,) (resp. E¥(K, W, K))),

lu Vv
and, for any / and m in Lu(W, D(K |, K,)) (resp. Lu(W,E% K|, K,))),
My =MV iy, and u, = o.

=1, VI and [, = o,

2. The mapping u — [, from the set E(K lW, K,) (resp. DK, W, K,)) of measures
which are erosions (resp. anti—dilations) to the set Lu(W, E(K,, K,)) of families of luts
which are erosions is an isomorphism of monoids. Its inverse is [ = u,. In particular, we

have, for any measures 4 and v in E(K lW, K,) (resp. D%K, W, K,)),
lu Av
and, for any / and m in Lu(W, E(K|, K,)) (resp. Lu(W, D% K|, K,))),

lul/\m = lul A /um and /ui =L U
Exercise 4.14 (dilation inequality) — Prove that for any / and m in Lu(W, D(K |, K,)),

lul/\m Slul/\/um' O

=1Il, ANl and [ =i

4.2 Spatially invariant window operator

Let K, and K, be two gray—scales (continuous or discrete), and let K lE‘ and KZE2 be two
sets of images whose domains are E, and E,. In this section, we consider the image opera-

tors from K," to K,"2. By assumption, the output images may have a different domain
and a different gray—scale compared to the domain and gray—scale of the input images.

We denote by Op(K 1L K,™), or sometimes simply by Op, the set of operators from

K,"'to K,"2, and we usually denote an image operator by a capital Greek letter to distin-
guish from an image measure.

The set Op is usually very big and it is worthwhile to work with some smaller subsets
(or classes) of operators. We now introduce two useful classes of image operators which
could be seen as mutually dual. The need for two distinct classes comes from the fact that
we are considering finite image domains. In the infinite domain case the two classes be-
come the same class.
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Definition 4.15 (window operator of type 1) — Let £, and E, be two non—empty sets. Let
B be a mapping from E, to P(E,), the collection of all parts of E,. An operator ¥ from

K "'to K, is a window operator of type 1 with respect to B, iff, for any y in E,, and any
fand g in K5,

f/BGy) = g/B(y) = Y(H(y) = (V). O

If X is a subset of the domain of an image f, then f/X is called the subimage of f re-
stricted to X.

In other words, ¥ is a window operator of type 1 iff the pixel value ¥(f)(y) depends
only on the subimage f/B(y), or again, the input pixel values f(x) outside B(y) have no
influence on the output pixel value ¥(f)(y).

Definition 4.16 (window operator of type 2) — Let £, and E, be two non—empty sets. Let
A be a mapping from E, to P(E,), the collection of all parts of E,. An operator @ from
K "'to K, is a window operator of type 2 with respect to A, iff, for any x in E, and any
fand g in K5,

TIE; = {x}) = g/(E) = {x}) = P(N/(E, — A)) = P(Q/(E, — AW). DO

In other words, @ is a window operator of type 2 iff the subimage @(f)/(E, — A(x))
depends only on the subimage f/(E, — {x}), or again, the input pixel value f(x) has no
influence on the output subimage @(f)/(E, — A(x)).

As we will see now, a window operator of type 1 can be characterized in terms of a
family of measures. Nevertheless, in the general case, we do not know any characteriza-
tion for the window operators of type 2. To get a characterization for type 2 we will have

to restrict ourselves to the case of the window operators which are morphisms (see last
part of Section 4.3).

Let ¥ be a window operator of type 1 (w.r.t. B) from K 1'to K,™. For any y in E,,
and gin K IB("), we denote by ¥y(y)(g) the expression defined by

Yu)(8) = OO,
where fis any image of K %1 such that fIBQy) = g.

Let 1 be a mapping from E, to M, 2 U Me(K IB("), K,), such that, for any y in E,,

yEE2

Y(y) is a mapping from KIB(") to K,. For any fin K", and yin E,, we denote by ¥, (H)(y)
the expression defined by

(NG = po)([f/BG)).

Proposition 4.17 (characterization of the window operators of type 1 in terms of families
of measures) — The mapping ¥ — ¢, from the set of window operators of type 1 (w.r.t.
B) from K,"' to K,"™, to the set of mappings from E, to M, such that, for any y in E,, ¥(y)

is a mapping from K IB(") to K,, is a bijection. Its inverse is ¥ — ¥, O
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Proof — 1. By definition, 1 is a mapping from E, to M, such that, for any yin E,, u(y)
is a mapping from K, to K,.

2. By definition, ¥, is an operator from K 1'to K,™, furthermore, for any y in E,, and
fand g in K,” such that f/B(y) = g/B(y),

Y,(h0) = vO)(f/B(K)) (¥, definition)
= Y()(g/BY)) (hypothesis)
= ¥,(9)1), (¥, definition)

that is, ¥, is a window operator w.r.t. B.

3. Let ¥ be a window operator (w.r.t. B) from K Frto K,™, for any yin E,, and fin K S
7, D) = Yu(f/BG) (W, definition)
YO, (1 definition)

that is, ¥ > 9y is an injection.

4. Let i be a mapping from E, to M, such that, for any y in E,, ¥(y) is a mapping from
K" to K,, for any y in E, g in K,"”, and fin K,” such that f/B(y) = g,

Yu, (8 = Yy (H0) (1 definition)
= YO(I/BY)) (¥, definition)
= P8, (hypothesis)

that is, ¥ > 1y is a surjection. O

Figure 4.5 shows a window operator of type 1 characterized by a certain mapping .

Most of the useful window operators are spatially invariant. In order to introduce the
concept of spatially invariant window operator of type 1 and 2, we consider that the image
domains E, and E, are subsets of Z?, and we will use the properties of the Abelian group
(Z%, +.0).

Definition 4.18 (spatially invariant window operator of type 1) — Let E, and E, be two

non—empty subsets of Z>. A window operator of type 1 (w.r.t. B) ¥ from K Frto K, s
spatially invariant with window W iff there exists a subset W of Z? such that

E, = E © Wand B(y) = W + yforany y in E,, and for any fin K" and any y, and
y2in E2’

fob, = fob,, =¥H) = YN0,
where, for any y in E,, the mapping b, from W to E, is defined by, for any u in W,
by(u) Su+ y.

We denote by IW ,(K,"1, K,") the set of spatially invariant window operators of
type 1. O
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Y,(H») = vO)(f/BK))

B(y) y

v.(h: E, =K,

f/BO) Y(O)(f/B())
— () —

Fig. 4.5 — A window operator.

In other words, a window operator of type 1 is spatially invariant if the B(y)’s are
translated version of a unique subset W and any two output pixel values ¥(f)(y,) and
Y((y,) are equal if the two subimages f/B(y,) and f/B(y,) are equal up to a domain
translation.

Definition 4.19 (spatially invariant window operator of type 2) — Let E, and E, be two

non—-empty subsets of Z>. A window operator of type 2 (w.r.t. A) @ from K, to K,"is
spatially invariant with window W iff there exists a subset W of Z? such that
E, = E, @ Wand A(x) = W + x for any x in E|, and for any s, and s, in K,, and any
x,and x,in E|,

(Sl = S2) = ¢(fxl,sl) 9 axl = @(fx2,x2) o HX2,

where, for any x in E|, the mapping a, from W to E, is defined by, for any u in W,
a(u) S0+ x

We denote by IW,(K,"1, K,") the set of spatially invariant window operators of
type 2. O

In other words, a window operator of type 2 is spatially invariant if the A(x)’s are
translated version of a unique subset W and any two output subimages @(f)/A(x,) and
@(f)/A(x,) are equal up to a domain translation if the two pulse images fml and sza 5
have the same pulse intensity.

In the above definitions, @ and © are, respectively, the Minkowski addition and sub-
traction (Banon & Barrera, 1998).

We can illustrate the two domain conditions stated in Definitions 4.18 and 4.19. Let
m, and n, be two natural numbers and let v and w be two natural numbers smaller than,
respectively, m, and n,.
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If E, = m; X n, and W is the rectangular window defined by

W2 1[0,v] X [0,w] C Z2,

then E, = E, © W is the Cartesian product m, X n, with m, = m; — v and
n, = n; — w. The left part of Figure 4.6 shows a 3 by 3 window W and the two sets E,
and E, satisfying the relationship £, = E, © W.

Under the same assumption, E, = E, ® W is the Cartesian product m, X n, with
m, = m; + vand n, = n; + w. The right part of Figure 4.6 shows a 3 by 3 window W
and the two sets E, and E, satisfying the relationship E, = E, © W.

(0,0) (0,0)
XX _ XX
I PAES E4EAEd R EA AR EAES I E4E EIEq P RS B Ed R P s EIE |
XX [ X X< X< < [ X XX XXX X XXX XXX [X]
SR < < [ XX X[ x| R3¢ ¢ [ 3¢ [ [ [X [ < [ X x [ ]
XXX XXX XX X] El XXX XXX XX XX ]
< X< [ XXX X% ] <[ < [ [X [ [ fx ]
%% XXX XXX XX ] %% XX XXX XXX XX XX ]
XXX XXX XX ] XXX XXX XX XX ] El
D XXX XXX XX ] XXX XXX XX XX ]
| EJESESFSFSFSFAES e e
DX DX IXIX XX XXX X XXX XXX XX XX
l?<><><><><><><><x><><><><
R XX XX XXX
E,=E,OW
E,=E ®W
Type 1 Type 2

Fig. 4.6 — Window and image domains.

In the case of spatial invariance, we can simplify the characterization of the window
operators of type 1.

Let ¥ be a spatially invariant window operator of type 1 (with window W) from K A

to K, For any gin K ", we denote by uy(g) the expression defined by

1(g) = YPHO),

where y is any element of E,, and fis any image of K \“1 such that fob, = g, where b,
is the mapping of Definition 4.18.

Let 4 be a measure from K," to K,. For any fin K,"1, and y in E,, we denote by
¥, (H(y) the expression defined by

A
Wﬂ(f)(y) = Iu(fo b)’)’
where b, is the mapping of Definition 4.18.

Proposition 4.20 (characterization of the spatially invariant window operators of type 1
— characterization in terms of measures) — Let E,, E, and W be three non—empty subsets
of Z? such that E, = E, © W. The mapping ¥ — u, from the set of spatially invariant
window operators of type 1 (with window W) from K 1o K,™, to the set of measures

from K," to K, is a bijection. Its inverse is u — W,. O
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Proof — 1. By definition, @y is a mapping from K o K,

2. By definition, ¥, is an operator from K “1'to K,". Let us show that is a spatially invari-
ant window operator of type 1. First let us show that it is a window operator of type 1. For
any y in E,, and fand g in K,"! such that f/(W + y) = g/(W + y), we have, for any u
in W,

(fob)(u) = f(b,(u) (composition definition)
= flu+y (b, definition)
= gu +y) (hypothesis)
= g(by(w)) (b, definition)
= (g oby)(u), (composition definition)

that is, f//(W + y) = g/(W + y) implies fob, = gob,.

Hence, under the same assumptions we have,

Y.(H0) = u(fob,) (W, definition)
= u(goby) (hypothesis)
= Y., (¥, definition)

that is, ¥, is a window operator of type 1 w.r.t. y —> W + y.

Let us show that ¥, is spatially invariant. For any y, and y,in E, and fin K “'such
that fo b, = fob, , we have,

YN = ufob,) (¥, definition)
= u(fob,) (hypothesis)
= Y., (¥, definition)

that is, ¥, is a spatially invariant window operator of type 1, with window W.
The rest of the proof is similar to Parts 3 and 4 of the proof of Proposition 4.17. O

Figure 4.7 shows two ways of representing a spatially invariant window operator of
type 1.

Before ending this section, we will state two propositions that will be useful next sec-
tion for the characterization of the spatially invariant operators of type 1 which are morph-
isms. One proposition is about morphism properties of the construction u — ¥, and the
second one is about closure properties of the set of spatially invariant window operators
of type 1.

Our notations for extended operations on the set of operators are the same as in the
previous chapter (see Section 3.2) except that the nullary operation is denoted by a capital
Greek letter instead of a small Greek letter.
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u
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Ky u

Fig. 4.7 — A spatially invariant window operator of type 1.

Proposition 4.21 (morphism from measures to operators) — Let K, be a non—empty set,
and let E,, E, and W be three non—empty subsets of Z> such that E, = E, © W.

1. If (K,,0) is a set equipped with an internal binary operation, then the mapping
u— ¥, from the set Me(K lW, K,) to the set Op(K lE‘, KZEZ) is a morphism from
(Me(KlW, K,),0)to (Op(KlE', K2E2), o). That is, we have, for any measures ¢ and v from
K," to K,,

v

oy =V, oW,

2. 1f (K,, -) is a set equipped with an external binary operation with operand in a set
C, then the above mapping is a morphism from (Me(K lW, K,),.) to (Op(K lE‘, K2E2), ).
That is, we have, for any measures u from K" to K,, and any a in C,

VYu=aW¥,

a.u
3.If (K,, e,) is a set equipped with a nullary operation, then the above mapping is a
morphism from (Me(KlW, K,),¢e) to (Op(KlE', KQEZ),E). That is, we have,

VY. =FE. O
Proof — 1. For any mapping ¢4 and v from K" to K,, any fin K,"1, and any y in E,,

Y, 0N = W ov)foby) (¥, definition)
= u(foby) ov(fob,) (extension definition)
= Y. o Z.(H0) (W, definition)
= (W,(H o P,(N ) (extension definition)
= (¥, 0 ¥,)H0), (extension definition)

that is, for any mapping u and v from K," to K,, Yo, =%, 0oW,
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2. For any mapping u from K" to K,, any a in C, any fin K", and any y in E,,

YoulDO) = (a-p)fob,) (¥, definition)
= a-u(fob,) (extension definition)
= a-¥.(N) (¥, definition)
= (a-¥.(N)Y) (extension definition)
= (a.W)H©), (extension definition)

that is, for any mapping u from K," to K,, and any a in C, VYu=0aW,

3. For any fin K", and any y in E,,

Y.(H() = e(fob,) (¥, definition)
= e, (extension def., € is a measure)
= e(y) (extension def., e is an image)
= E(N(), (extension def., E is an operator)

thatis, ¥, = E. O

Figure 4.8 illustrates graphically the equality ¥, 5, = ¥, o ¥, of Proposition 4.21.

We observe that the right handside implementation is simpler than the left handside one.

=] &

.

S

uav

Fig. 4.8 — Morphism from measures to operators.

As a consequence of the previous propositions we have the following result.

Proposition 4.22 (closed subset of spatially invariant window operators of type 1) — Let
K, be a non—empty set, and let E,, E, and W be three non—empty subsets of Z* such that
E,=E ©OW.

1. If (K,,0) is a set equipped with an internal binary operation, then the subset
IW,(K,"1, K,"2) is 0g,—closed.

2. 1f (K,, -) is a set equipped with an external binary operation with operand in a set
C, then the subset IWI(KIE‘, KZEZ) is .g,—closed.

3.If (K,, e,) is a set equipped with a nullary operation with operand in a set C, then
the subset IW (K1, K,") is Eq,—closed. O
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Proof — By Proposition 4.20, the image of Me(K,",K,) through u =W, s
IW (K, "1, K, ™).

1. By Part 1 of Proposition 4.21, u — ¥, is a morphism from Me(K,", K,), 0) to
(Op(K,"!,K,"), 0). Therefore, from Part 1 of Exercise 3.57, IW,(K,"!, K,"2) is 0 -
closed.

2. By Part 2 of Proposition 4.21, u — ¥, is a morphism from Me(K,", K>), ) to
(Op(K,"1, K,"2), .). Therefore, from Part 2 of Exercise 3.57, IW (K, 1, K,"?)is .,~closed.

3. By Proposition 4.21, ¥, = E. This prove that E is in IW ,(K,"!, K,™). O

4.3 Spatially invariant window morphism

In this section we will characterize the spatially invariant window operators which are
morphisms. In the case of the window operators of type 1 we will present two character-
izations, one in terms of measures and another one in terms of families of luts. In the case
of type 2 we will present a characterization in terms of families of point spread functions.

Let us present the first the characterization in terms of measures for the spatially in-
variant window operators of type 1.

Let (K, 0) and (K,, O) be two sets equipped with internal binary operations. We de-
note by IW M, (K F1LK,"2), the set of spatially invariant window operators of type 1
which are morphisms for the extensions of the o’s to K lE‘ and K2E2.

In the same way, let (K|, -) and (K,, -) be two sets equipped with external binary op-
erations with operand in C. We denote by IW M (K 1L K,™), the set of spatially invariant
window operators of type 1 which are morphisms for the extensions of the .’s to K rand
K,"™.

Finally, let (K, e,) and (K, ¢,) be two sets equipped with nullary operations. We de-
note by IW M (K 1K, "2), the set of spatially invariant window operators of type 1 which
are morphisms for the extensions of ¢, and e, to, respectively, K lE‘ and K2E2.
Proposition 4.23 (characterization of the spatially invariant window operators of type 1

which are morphisms of one pair of operations — characterization in terms of mea-
sures) — Let E,, E, and W be three non—empty subsets of Z> such that E, = E, © W.

1.1. Let (K, 0) be a set equipped with an internal binary operation. If (K,,0) is a
commutative semigroup and if (K, -) is a set equipped with an external binary operation
with operand in C which is distributive over g, then the mapping ¥ — u is an isomorph-

ism from (IW,My(K,"",K,"),0,.) to (M (K,", K,), 0, ).
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1.2. Let (K,,0) be a set equipped with an internal binary operation. If (K,, O, e,) is
a commutative monoid, then the mapping ¥+ uy is an isomorphism from

(AW MoK, ", K,2), 0, E) to (Mu(K, ", Ky), D, €).
2. Let (C, ) be a set equipped with a commutative internal binary operation and let

(K, -) and (K, -) be two sets equipped with external binary operations with operand in
C. If (K,, ) satisfies, for any ¢ in K,, and any a and § in C,

a-(B-0 = (aP)t, (mixt associativity)
and (K,, O) is a set equipped with an internal binary operation such that . on K, is distribu-
tive over 0O, then the mapping ¥ > uy, is an isomorphism from W M (K,", K,"),0,.)
to (M(K,", K2, 0, ).

3.Let (K,, e;) and (K,, e,) be two sets equipped with nullary operations. If (K,, O, e,)
is a monoid, then the mapping ¥ +> uyis an isomorphism from (IWIME(KIE‘, K2E2), 0,E)
to (Me(Kl W7 K2)7 O, 8)- U

Proof — Let us divide the proof into four main steps.
1.1. Let Wbe in IWIMD(KIE‘, K2E2). By definition, uy is a mapping from Ktho K,.

Let us prove that it is in M (K, ¥ K,). For any g, and g, in K W Tet y be any element of

E,, and let f, and f, be any images of K ' such that fiob, = g and f,0b, = g,, then,
first, for any u in W,

((fi o f) oby)w) = (f; O f)(b,(u) (composition definition)
= (fiof)u +y) (b, definition)
= filu +y)ofilu +y) (extension definition)
= fi(by(w) o fo(by(u)) (b, definition)
= (f, o b)) O (f, 0 b,)(u) (composition definition)
= &1(w) 0 g,(u) (hypothesis)
= (81 0 8)u), (extension definition)

thatis, (f, o f;) o b, = g, 0 g,. Second,

U(g, 0 g, = Y(fiofL)y) (first part of 1.1 and wy def.)
= (¥Y() o Y(H)0) (¥ is a morphism)
= Y1) o YD) ») (extension definition)
= Uy(g1) O Uw(82)- (uy definition)

1.2. Let ¥ be in IWIM_(KIE‘, K2E2). By definition, iy is a mapping from Ktho K,.
Let us prove thatitisin M (K, " K,). For any gin K, " and any a in C, let y be any element
of E,, and let f be any image of K “1 such that fob, = g, then, first, for any u in W,



Filtering 139

((a.f) o by)(u) = (a-N(b,(u)) (composition definition)
= (a.Hu +y) (b, definition)
=af(u+y (extension definition)
= a.f(b,(u)) (b, definition)
= a.(fo b,)(u) (composition. definition)
= a.g(u) (hypothesis)
= (a-g)(uw), (extension definition)

that is, (a.f) o b, = a.g.

Second,
uwa-g) = Ya-Hy) (first part of 2.1 and wy def.)
= (@-¥Y(MN () (¥ is a morphism)
= a.¥Y(H() (extension definition)
= a.uyg). (4 definition)

1.3. First, let g, be the unit element of o on K ", and let f. be the unit element of O

on K,"1, then, for any yin E, and u in W,

(fo o by)(u) = f.(by(w)) (composition definition)
= flu +y) (b, definition)
= ¢, (extension definition)
= g,(u), (extension definition)

that is, for any y in E,, f,o b, = g,. Second,

u(g.) = Y. (first part of 1.3 and wy definition)
= e,(y) (f, is a unit and ¥ is a morphism)
= e,. (extension definition)

2.1. Let u be in M,(K, i K,). By definition, ¥, is an operator from K lE to KQE. Let
us prove that it is in IW M.(K,™1, K,"2). For any images f,and f, of K, and any yin E,,

Y. 0 ) = u((fiof)oby) (¥, definition)
= u(fi, o by, 0 f, o by)(first part of 1.1)

u(fioby) ou(f,ob,) (u is a morphism)
EAODIR=R A(EI0)) (¥, definition)
() o V(D). (extension definition)
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2.2. Letu be in M (K, i K,). By definition, ¥, is an operator from K lE to KQE. Let

us prove that it is in IW M (K1, K,"). For any images f of K/, any a in C, and any y
in E,,

Y(aHy) = ulaf)ob,) (¥, definition)

= u(a.fob,) (first part of 1.2)
= a-u(fob,) (u is a morphism)
= a.¥,(HQ) (¥, definition)
= (a-¥Y.(N)). (extension definition)

2.3. Let g, be the unit element of Don K " and let /1 be the unit element of Con K lE‘,
then, for any y in E,,

Y.(f)0) = ulfiob,) (W, definition)
= u(gy) (first part of 1.2)
= e (u is a morphism)
= e,(y). (extension definition)

3.1. From Parts 1.1 and 2.1 above, and by Exercise 1.26 and Proposition 4.20,
Y uy, from IW My(K,"1, K,"2) to M(K,", K,) is a bijection.

3.2. From Parts 1.2 and 2.2 above, and by Exercise 1.26 and Proposition 4.20,
Yy, from IW M (K", K,"2) to M(K,", K,) is a bijection.

3.3. From Parts 1.3 and 2.3 above, and by Exercise 1.26 and Proposition 4.20,
Y uy, from IW MK, K,"2) to M(K,", K,) is a bijection.

4.1.1. By Propositions 4.22 and 3.67, the subsets IW (K, "1, K,") and M(K,"!, K,™)
are, respectively, both 0, —closed and .o,—closed. Consequently, by Proposition 3.55

their intersection IW M (K lE‘, K2E2) is 0,—closed and . ,—closed. The set M(K;, v K,)
is 0y, —closed and ..—closed by Proposition 3.67. Finally, by Proposition 4.21, u — ¥,
is a morphism from (Me(KlW, K,),0,.) to (Op(KlE',K2E2), 0, -), therefore, by Part 3.1,
u—¥, from MK, i K, to IWIMD(KIE‘, K2E2) is an isomorphism from
Mq(K, W, K,),0,.) to (IWIMD(KIE‘,K2E2), O, .), that is, its inverse ¥+ uy is an iso-
morphism from (IW ,M,(K,", K,"),0,.) to M.(K,",K>), 0, .).
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4.1.2. By Propositions 4.22 and 3.67, the subsets IW (K, "', K,") and M(K,"!, K,™)
are, respectively, both 0, —closed and Ey,—closed. Consequently, by Proposition 3.55
their intersection IW M (K lE‘, K2E2) is 0,,—closed and E,—closed. The set M (K, i K,)
is 0y, —closed and &y,—closed by Proposition 3.67. Finally, by Proposition 4.21, u — ¥,
is a morphism from (KZK‘, O, e)to (Op(KlE, KQE), 0, €), therefore, by Part 3.1, [ — ¢, from
M.(K,",K,) to TW M. (K,",K,™) is an isomorphism from (M.(K,",K,),0,¢€) to
AW M (K", K,"),0,E), that is, its inverse ¥+~ i, is an isomorphism from
(W Mo(K, ", K,"), 0,E) to (Mo(K,", K>), 0, ).

4.2. By Propositions 4.22 and 3.68, the subsets IW (K1, K,"2) and M (K,", K,"?)
are, respectively, both 0, —closed and .o,—closed. Consequently, by Proposition 3.55
their intersection IW M (K lE‘,K2E2) is 0y, —closed and .o, —closed. The set M.(K, v K,)
is 0y, —closed and ..—closed by Proposition 3.68. Finally, by Proposition 4.21, u — ¥,
is a morphism from (Me(KlW, K,),0,.) to (Op(KlE',K2E2), 0, -), therefore, by Part 3.2,
u — ¥, is an isomorphism from (M (K, W, K,),0,.) to (IWIM_(KIE‘, K2E2), O, .), that is,
its inverse W~ u, is an isomorphism from (IWIM_(KIE‘, K2E2), o,.) to
M(K,", K>), 0,).

4.3. By Propositions 4.22 and 3.69, the subsets IW (K,!, K,"2) and M (K,"", K,"?)
are, respectively, both 0, —closed and E,,—closed. Consequently, by Proposition 3.55
their intersection IW M (K lE‘, K2E2) is 0y,—closed and .,,—closed. The set M (K, Y K,)
is 0y, —closed and ¢y,—closed by Proposition 3.69. Finally, by Proposition 4.21, u — ¥,
is a morphism from (Me(KlW, K,),0,¢) to (Op(KlE', K2E2), 0, E), therefore, by Part 3.2,
= W, is an isomorphism from (M,(K,", K,), 0, &) to AW M,(K,"!, K,"2), 0, E), that s,
its inverse W~ u, is an isomorphism from (IWIME(KIE‘, K2E2), o,E) to
(Me'(Kl W’ K2)’ D,S). O

Figure 4.9 shows the isomorphism ¥ — u of Proposition 4.23 for the internal binary
operations on the set of operators and on the set of measures.

Figure 4.10 illustrates graphically an aspect of Part 1.2 of Proposition 4.23. From Part
1.2 we know that if # is a measure which is a morphism of internal binary operations on
K," and K,, then the spatially invariant window operator of type 1 constructed with this

measure is also a morphism of internal binary operations on K ,“ and K,". This means that
we have the two equivalent implementations shown in Figure 4.10. We observe that the
right handside implementation is simpler than the left handside one.
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spatially invariant
window operators

'1/ = U
IW K\ Ko) ’ morphisms
) T MK, K))

Me(K,", K>)

(measures)

morphisms
M.(K, " K,"2)

w IME<K151,K252>
OP(KlEl’ KzEz)

(operators)

Fig. 4.9 — Isomorphism.

P - _pbF

Fig. 4.10 — Two equivalent implementations when the measure is a morphism.

I
= 8

I
= 8

Recalling (see Part 1 of Proposition 3.67) that if the measures 4 and v are two morph-

isms for the internal binary operations 0’s on K, Vand K, then u O is also a morphism,
we can combine the equivalence of Figure 4.10 with the one shown in Figure 4.8, to get
the equivalence between the two implementations shown in Figure 4.11. We observe that
the right handside implementations is much simpler than the left handside one.

What will be useful is to combine, in one hand, the results of Parts 1.2 and 3 of Propo-
sition 4.23 and, on the other hand the results of Parts 1.1 and 2 of that proposition. This
leads to the following proposition.

Proposition 4.24 (characterization of the spatially invariant window operators of type 1
which are morphisms of more than one pair of operations — characterization in terms of
measures) — Let E,, E, and W be three non—empty subsets of Z* such that E, = E, © W.

1. Let (K, 0, ¢,) be a set equipped with an internal binary operation o and a nullary
operation e,. If (K,, 0, ¢,) is a commutative monoid, then the mapping ¥ +> u s an iso-
morphism from (IWIME’E(KIE‘, K2E2), 0,E) to MK, W, K,),0,¢). Its inverse is
u—v,
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Fig. 4.11 — Two equivalent implementations when the measures are morphisms.

In particular, we have, for any ¥ and @ in IW M, (K lE‘, K2E2),
Mpoo = Uy O e and pup = &,

and, for any 4 and v in M_ (K, W, K,),
Yo =¥, 0%, and ¥, = L.

uov

2. Let (C,.) be a set equipped with a commutative internal binary operation. Let
(K,, O, -, e,) be a set equipped with an internal binary operation O, an external binary op-
eration - and a nullary operation e . If (K,, O, -, e,) is such that (K,, O, €,) is a commutative
monoid and -is an external binary operation (with operand in C) satisfying for any s and
tin K,, and any ¢ and § in C,

a-e, = e, a1 = (@Pf)t and a.(sof) = asoat,
then the mapping ¥~ u, is an isomorphism from (IWIME’_’E(KIE‘,KZQ), o,.,E) to
M, (K, W, K,), 0, ¢). Its inverse is u — ¥,.
In particular, we have, for any ¥'in IW M, (K lE‘, K2E2), and a in C,
How = Q-ly,
and, for any 4 in M,_ (K| W, K,), and a in C,

'

au

=a¥, O
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Proof — We divide each part of the proof in four steps.

1.1. By Proposition 4.23, the subsets IW ,M.(K,"", K,™) and IW ,M(K,"!, K,"?) are
Oy,—closed and Eg,—closed. Consequently, by Proposition 3.55 their intersection

IW M, (K lE‘, K2E2) is also O —closed and Eq,—closed.

1.2. By Part 1 of Proposition 4.9, M_ (K, v K,) is oy, —closed and ¢&.—closed.

1.3. From Proposition 4.20, ¥+~ u, is a bijection and from Proposition 4.23,
M.(K,",K,) (resp. MyK,",K,) is the image of IW M.K,", K,") (resp.
IW M,(K,"1, K,"2)) through ¥ +> u, therefore, by Exercise 1.30, M (K,", K,) is the
image of IWIMD’E(KIE‘, K,"?) through ¥+ uy.

1.4.By Part 1.2 of Proposition 4.23, ¥+ u, is an isomorphism from
(IW M.(K,", K,"2),0,E) to (M(K,",K,),0,€). As we see above in Part 1.1,
IW M, (K lE‘, K2E2) is 0,,—closed and E,—closed, therefore by Exercise 3.58 and Part
1.3 above, ¥ > uyrestricted to IW M, (K lE‘, K2E2) and M (K, i K,) is an isomorphism
from (IW,M,(K,",K,"2),0,E) to (M,,(K, ", K,), 0, €).

2.1. By Proposition 4.23, the subsets IW ,M.(K,"!, K,™) and IW ,M,(K,"", K,"?) are
-op—Closed. Consequently, by Proposition 3.55 their intersection IW M, (K F1LKL) s
also .o,—closed. Proposition 3.68 applies to the set of operators as well, in other words,

IW MK lE‘, K2E2)is Og,—closed, -o,—closed and E,—losed. Consequently, considering
Part 1.2 above, by Proposition 3.55 the intersection IW M, (K lE‘,K2E2) of
IW M. (K,"", K,") and IW M (K, "1, K,"2) is 0, —closed, .o,—closed and E,~closed.

2.2. By Part 2 of Proposition 4.9, M, (K, v K,) is oy.—closed, .y—closed, and
eve——closed set .

2.3. From Proposition 4.20, ¥+~ u, is a bijection and from Proposition 4.23,
M (K, i K,) is the image of IW M (K lE‘, K2E2) through ¥ + uy, therefore, considering

Part 1.3 above, by Exercise 1.30, M, _(K,", K,) is the image of IW ,M,_,(K,"!, K,™)
through ¥ — uy,.

24.By Part 1.1 of Proposition 4.23, ¥ uy is an isomorphism from
(IW M.(K,", K,"2),0,.) to (Mu(K,",K,),0,.). As we see above in Part 2.1,
IW M, (K lE‘,K2E2) is 0,,—closed, .o,—closed and Eq,—losed, therefore by Exercise
3.58 and Part 2.3 above, ¥ +> u, restricted to IW , M,_,(K,"!, K,"?) and M _(K,", K,) is
an isomorphism from (IW M, _(K,", K,"),0,E)to (M,_/(K,",K,),0,¢€). O

Let us apply Proposition 4.24 to the continuous and discrete cases. We consider first
the continuous case, that is the case of the linear operators.
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Proposition 4.25 (characterization of the linear spatially invariant window operators of
type 1 — characterization in term of measures) — Let E, E, and W be three non—empty
subsets of Z? such that E, = E; © W, and let (R, +, ., 0) be the linear vector space of
the real numbers. The mapping ¥ — u,, from the subspace (IW,L(R% R%), +,.,0) of
spatially invariant window operators of type 1 which are linear, to the subspace
(L(R",R), +,-,0) of measures which are linear, is an isomorphism of linear vector
spaces. Its inverse is ¢ + ¥,. In particular, we have, for any ¥ and @ in IW ,L(R"1, R"2),
and a in R,

Mytrop = hw + o, Moy = by and py = 0,
and, for any 4 and v in L(R",R), and a in R,
'1/[4'1'1/ =Y, +¥,, ¥Y,=a¥, and ¥, = 0. 0

Proof — The assumptions of Part 2 of Proposition 4.24 are satisfied for any linear vector
space, consequently the result of Part 2 applies to the mapping ¥+ uy from

(IW ,L(R*,R%), +,.,0) to (L(RY,R), +,-,0). O
‘We now consider the discrete case.

Proposition 4.26 (characterization of the elementary morphological spatially invariant
window operators of type 1 — characterization in term of measures) — Let E|, E, and W
be three non—empty subsets of Z* such that E, = E, © W, and let (K, <) and (K,, <)
be, respectively, the intervals [0, k] and [0, k,] of natural numbers equipped with the usu-
al order relation.

1. The mapping ¥+~ uy from the submonoid (IWD(K FKL5), VL 0) (resp.
(W E*K,", K,"), V ,0)) of spatially invariant window operators of type 1 which are dila-
tions (resp. anti—erosions), to the submonoid (D(K, W, K,), V,0) (resp.

(EX(K, W, K,), V,0)) of measures which are dilations (resp. anti—erosions), is an iso-
morphism of monoids. Its inverse is u — W,.

In particular, we have, for any ¥ and @ in IW,D(K,"",K,") (resp.
IW EY(K, "1, K,"2)),

Uyye = Uy V e and Uy = o,
and, for any x4 and v in D(KIW, K,) (resp. EX(K, W, K,)),
Yv,=¥ V¥ and ¥, = 0.

u

2. The mapping ¥+ uy from the submonoid (IW E(K UKD, AL (resp.
(W D¥K ", K,5), A, 1)) of spatially invariant window operators of type 1 which are ero-
sions (resp. anti—dilations), to the submonoid (E(K lW, K,), N,i) (resp.

(D¥K, W, K,), A, 1)) of measures which are erosions (resp. anti—dilations), is an isomorph-
ism of monoids. Its inverse is y — ¥,.
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In particular, we have, for any ¥ and @ in IW E(K,",K,") (resp.
IW DK, "1, K,")),
Mypng = My N g and  u; =1,
and, for any 4 and v in E(KIW, K,) (resp. D¥(K, W, K,)),
Yrp, =W, ANV, and ¥, =1 O

Proof — The assumptions of Part 1 of Proposition 4.24 are satisfied for any monoid, con-
sequently the result of Part 1 applies to the mapping W+ u, from

(IWID(KIE, KQE), V,0)to (D(K, W, K,), V,0). The same is true for the erosions, the anti—
dilations and the anti—erosions. O

Let us present the second characterization for the spatially invariant window opera-
tors of type 1. By combining the previous measure and operator characterizations, we can
state a characterization of the spatially invariant window operators of type 1 in terms of
families of luts.

Let E,, E, and W be three non—empty subsets of Z> such that E, = E, © W.

Let ¥ be in IW (K lE‘, KZEZ) with window W. Let u be an element of W and s be an
element of K,, we denote by [,(u)(s) the expression defined by

A
lll’(u)(s) = W(]ng,s)()’)’
where y is any element of E,.

Let / be a mapping from W to K,"1, we denote by ¥, the expression defined by

A
v,= 0O Yiw © T,
uew

where, for any u in W', T, is a spatially invariant window operator of type 1 from K [

to K,™, called translation by u and defined by, for any image fin K S

T.(H 2 fom,,
where, for any u# in W', m, is a mapping from E, to E,, defined by, for any y in E,,
A
m(y) =y — u;

where 1, is spatially invariant pointwise operator from K F2to K,™ characterized by the
Iut / from K, to K, i.e., ¥ (f) 2 [ o f for any image f'in K"

When E, is Z?, then E, is Z* independently of W, therefore, in this case, we have
simply T,(H(y) = f(y — u) for any y in E, and # in W'
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Proposition 4.27 (characterization of the spatially invariant window operators of type 1
which are morphisms of more than one pair of operations — characterization in terms of
families of luts) — Let E,, E, and W be three non—empty subsets of Z? such that
E,=E W

1. Let (K, 0, ¢,) be a set equipped with an internal binary operation o and a nullary
operation e,. If (K,, 0, e,) is a commutative monoid, then the mapping ¥ > [y is an iso-

morphism from (IWIMD’E(KIE‘, K2E2), 0, E) to (Lu(W, M, (K}, K,)), 0, e). Its inverse is
[ — W, In particular, we have, for any ¥ and @ in IW M, (K LK™,

lyoy = lyoly, and [ = e,
and, for any / and m in Lu(W, M, (K|, K,)),
Yo, =WYooV, and ¥, =E.

2. Let (C,.) be a set equipped with a commutative internal binary operation. Let
(K,, O, -, e,) be a set equipped with an internal binary operation O, an external binary op-
eration - and a nullary operation e,. If (K,, O, -, e,) is such that (K,, O, €,) is a commutative
monoid and -is an external binary operation (with operand in C) satisfying for any s and
tin K,, and any ¢ and § in C,

a-e, = e, a1 = (@P)t and a.(sof) = asoat,

then the mapping ¥+ [, is an isomorphism from (IWIMD’_’E(KIE‘,KZQ), o,.,E) to
Lu(W,M,, (K, K>)), 0, e). Its inverse is [ — ¥,. In particular, we have, for any ¥ in

IW M, (K", K,"), and a in C,

low = a-ly,
and for any / in Lu(W,M,_(K|,K,)) and a in C,

v.,=a¥,. O
Proof — 1. Let us show that ¥+ [y is the composition of ¥+ uyand u — [,.

1.1. Let y be an element of E,, let u be an element of W, let s be an element of K|,

let g, , be a pulse mapping of K,", and let f be an image of K,"' such that fob, =g,
then for any u' in W + y,

W+ ') = f(u") (restriction definition)
= fo,u" = y) (b, definition)
= (fob)u' —y) (composition definition)
= gus(u'" — ) (hypotheses on f)

s if u' —y=u : o dofini
= Ve, otherwise. (pulse mapping definition)
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(+ is regular)

s if W =u+y
e, otherwise.

= fury ") (pulse mapping definition)
= fusys/ (W + y)'), (restriction definition)

that is, f/(W + y) = for, /(W + y).

1.2. Let y be an element of E,, let u be an element of W, let s be an element of K|,
let g, ,be an pulse mapping of K,", and let f be an image of K" such that fob, =g,
then for any ¥in IW (K lE‘, KZEZ) with window W,

L, ()(s) = t(g..s) (1, definition)
Y(N() (i definition)
= Y, 1y )0) (¥ is a window operator and Part 1.1)

Lyu)(s), (1 definition)

that is, for any ¥ in IW (K,"", K,"), L, = ly.

2. Let us show that [ — ¥, is the composition of [/ — u,and u — ¥,. Let f be an

image of K lE‘ and let y be an element of E,, then for any / in Lu(W,M_ (K, K,)) or in
Lu(W’ MD, -,E(Kl’ KZ))’

WM,(f)(y) = /ul(fo b)) ('1//4 def)

=( 0O lwowm)(fob,y) (p, def.)
uew

= O {Uwou)foby) (extension def.)
ue w

= 0O Iwuob)) (composition def.)
ue w

= O u)fob)u) (m, def)
uew

= 0O lw{f(b,(w)) (composition def.)
uew

= O w{fw+y) (b, def.)
ue w

O ) (f(m_,()) (m, def.)
uew
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= 0O lw((fom_,)y) (composition def.)
uew

= 0O lu)(T-(N(©) (T, def.)
uew

= O (woT_.(N() (composition def.)
uew

=( 0O lwoT_.(N() (extension def.)
uew

= (0O YuT-.ON) (1, def.)
uew

=( 0 @WwoT- )N (composition def.)
uew

=0 YiwoT-JNO) (extension def.)
uew

= Y, (W, def.)

that is, for any / in Lu(W, M, (K}, K,)) or in Lu(W, M, (K|,K,)), ¥, = ¥,.

3. From Part 1, ¥ + [, from IW M_ (K", K,™) to Lu(W,M, (K|, K,)) is an iso-
morphism as the composition of two mappings which are isomorphisms by Propositions

4.9 and 4.24. From Part 2, [ — ¥, from Lu(W,M_ (K, K,)) to IWIMD’E(KIE‘, K2E2) is its
inverse as composition of inverses.

4. From Part 1, ¥ v [, from IW M,_(K,", K,") to Lu(W,M,,_(K,, K,)) is an iso-
morphism as the composition of two mappings which are isomorphisms by Propositions

4.9 and 4.24. From Part 2, [ — W, from Lu(W,M.,_(K,,K,)) to IW M, (K", K,") is
its inverse as composition of inverses. O

Figure 4.12 shows the isomorphism ¥ + u, of Part 1 of Proposition 4.27.

A spatially invariant window operator of type 1 ¥ from K o K, s called separa-
ble with respect to an internal binary operation o on Op(K 1, K,™), iff there exists a fam-
ily [ of luts from W to K,"1 such that

Y= 0O yuol_. 4.2)
ew

u

The spatially invariant window operators of type 1 which are morphisms, are separa-
ble. Figure 4.13 shows a separable operator ¥.
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— T
Vi,
spatially invariant _ /\
window operators
IW (K, K,"?)

morphisms
Me(K, "L K,"2)

e Op(K, ", K,F) Me(K,", K,) Lu(W, K,"")
f);pe ngori (operators) (measures) (families of luts)
Fig. 4.12 — Composition of isomorphisms.
v
T*“l @-
EZ [
f Kl l(l/l]) 'Il(f)
KlEl K2E2
r. 0
K52
W= {uy, . u,) u)

Fig. 4.13 — A separable operator.

By applying Proposition 4.27 to the continuous case, we can state the following re-
sult.

Proposition 4.28 (characterization of the linear spatially invariant window operators of
type 1 — characterization in term of families of luts) — Let E,, E, and W be three non—
empty subsets of Z* such that E, = E, © W, and let (R, +,.,0) be the linear vector
space of the real numbers. The mapping ¥ > [y, from the set IW ,L(Rf1, R%2) of linear
spatially invariant window operators of type 1 with window W to the set Lu(W, L(R, R))
of families of luts which are linear, is an isomorphism of linear vector spaces. Its inverse
isl—W,.
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In particular, we have, for any operators ¥ and @ in IW L(R*1, R%2), and a in R,
lyro =ly+1p, ly=aly and [, = o,
and, for any / and m in Lu(W,L(R, R)), and a in R,
Y,,=¥Y+Y,, Y,=a¥ and ¥,= 0. 0

Proposition 4.28 shows that any linear spatially invariant window operator of type 1
with window W, is a linear combination of translation operators 7 _, when u runs over W.
Furthermore, since the set of these operators is linearly independent, these operators form
a base for the linear vector space of the linear spatially invariant window operators of type
1. Furthermore, for any u in W, the coordinate in this base of an operator ¥ relative to the
translation T_,is ¥(f,, )(y), where y is any element of E,.

By applying Proposition 4.27 to the discrete case, we can state the following result.

Proposition 4.29 (characterization of the elementary morphological spatially invariant
window operators of type 1 — characterization in term of families of luts) — Let E,, E,
and W be three non—empty subsets of Z* such that E, = E; © W, and let (K,, <) and
(K,, =) be, respectively, the intervals [0, k,] and [0, k,] of natural numbers equipped with
the usual order relation.

1. The mapping ¥ +> I, from the set IW ,D(K, "1, K,"2) (resp. IW E*K,"1, K,")) of
spatially invariant window operators of type 1 which are dilations (resp. anti—erosions)
to the set Lu(W, D(K|, K,)) of families of luts which are dilations is an isomorphism of
monoids. Its inverse is [ — W,

In particular, we have, for any operators ¥ and @ in IW D(K,"1, K,") (resp.
IW E(K,"1, K,"2)),
lyyvo =1ly Viy and [, = o,
and, for any / and m in Lu(W, D(K |, K,)) (resp. Lu(W,E% K|, K,))),
Yyo=¥ V¥, and ¥, = 0.

2. The mapping ¥ +> I, from the set IW E(K, !, K,"?) (resp. IW ,D¥K,"1, K,")) of
spatially invariant window operators of type 1 which are erosions (resp. anti—dilations)
to the set Lu(W, E(K, K,)) of families of luts which are erosions is an isomorphism of
monoids. Its inverse is [ — W,

In particular, we have, for any operators ¥ and @ in IW E(K,", K,") (resp.
IW,D¥(K,"1, K,")),
lypnoy = ly Nlp and [; = i,
and, for any / and m in Lu(W, E(K|, K,)) (resp. Lu(W, D% K|, K,))),
Yam=¥Y AN¥, and ¥, =1 O

Finally, let us present the characterization in terms of families of point spread func-
tions for the spatially invariant window operators of type 2.
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Let @ be a spatially invariant window operator of type 2 (with window W) from K [

to K, For any s in K, we denote by h4(s) the expression defined by

ho(s) = @(f,.) o a,
where x is any element of E|, and where a, is the mapping of Definition 4.19.

The expression h4(s) is called the point spread function of the spatially invariant win-
dow operator of type 2, @ for the intensity s.

We denote by PSF(K |, K, ") the set of mappings from K to K,". Let h be one of these
mappings. For any fin K 1, we denote by @,(f) the expression defined by

@, = O (@) + .
X 1

where the operation + is a mapping from K," x E, to K, defined by, for any g in K,",
any x in E, and any y in E,,

gy —x) ifyeW+x
e, otherwise,

(g + 00 = {

where e, is an element of K,.

Exercise 4.30 (left inverse) — Prove that the mapping f — fo a, from K, to K," is the
left inverse of the mapping g — g + x from K," to K," whenever x is in E,. O
Exercise 4.31 (distributivity of + over an internal binary operation) — Let (K,, 0, ¢,) be
a set equipped with an internal binary operation and a nullary operation such that

e, = e, O e,. Prove that for any g, and g, in sz’ and any x in E|,

& o ,8)tx=(@ +00 . (g +x0. O
K, K,F2

Exercise 4.32 (mixt associativity of + and of an external binary operation) — Let
(K,, -, e,) be a set equipped with an external binary operation (with operand in C) and a

nullary operation such that e, = a.e, for any a in C. Prove that for any g in K,", any a
in C, and any x in E|,

(@ -szg) tx=a 2 (g, + ). O

Let (K,,0,¢,) and (K,, O, e,) be two sets equipped with internal binary operations
and with nullary operations. We denote by ITW,M (K 1K, 2) the set of spatially invariant
window operators of type 2 which are morphisms for the extensions of e, and e,to K A

and K2E2, and we denote by IW,M_, (K lE‘, K2E2) the set of the previous operators which
are also morphisms for the extensions of the O’s.

Finally, we denote by M. (K, K, ") the set of families of point spread functions which

are morphisms for the binary and nullary operations on K, and K,".
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Exercise 4.33 (property of the spatially invariant window operators of type 2 which are
morphisms of nullary operations) — Let @ be in IW,M (K 1K, ). Prove that for any x
in E, and s in K|,

¢(fx,s) o day +x = ¢(fx,s) O

Solution — For any x in E|, let denote by C, the expression W + x and let denote by D,
the expression E, — C,. For any x in E|, C, and D, form a partition of E,. Let us divide
the proof in two parts.

1.Forany xin E,, sin K, and y in C,,

(@(f..0) oa, + X)) = (P(f..) 0a)y — x) (+ definition)
= O(f, Jay — x) (composition definition)
= O(f, ) (a, definition)

2. Forany xin E,, sin K, and y in D,,

(@(f.)oa,+ X)) = e, (+ definition)
= e)(y) (e, is the mapping y = e,)
= ,/D(y) (y belongs to D,)
= @(e,)/D(y) (@ is a morphism)
= O(f...)/D.y) (f., definition)
= &(f, ,)/D\(y) (@ is a window op. of type 2)
= O(f. ) (y belongs to D,)

O

Proposition 4.34 (characterization of the spatially invariant window operators of type 2
which are morphisms — characterization in terms of families of point spread func-
tions) — Let E,, E, and W be three non—empty subsets of Z” such that E, = E, @ W.

1. Let (K, 0, ¢,) be a set equipped with an internal binary operation o and a nullary
operation e,. If (K,, 0, ¢,) is a commutative monoid, then the mapping @ > h, is an iso-

morphism from (IWZMD’E(KIE‘, K2E2), 0, E)to M (K, sz)’ 0, e). Itsinverseis h — @,
In particular, we have, for any ¥ and @ in IW,M, (K lE‘, K2E2),
hy,p = hyohy and hp = e,

and, for any 4 and i in M (K, sz)’
b,,,=d,00, and @, = FE.
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2. Let (C,.) be a set equipped with a commutative internal binary operation. Let
(K, O, -, e,) be a set equipped with an internal binary operation 0O, an external binary op-
eration - and a nullary operation e . If (K,, O, -, e,) is such that (K,, O, ¢,) is a commutative
monoid and -is an external binary operation (with operand in C) satisfying for any s and
tin K,, and any ¢ and § in C,

a-e, = e, a1 =(@P)t and a.(sof) = asoadt,

then the mapping @ — h, is an isomorphism from (IWQMD’_’E(KIE‘,KZQ), o,-,E) to
M, (K|, sz)’ O, -, &). Its inverse is h +— @,

In particular, we have, for any @ in IW,M,_ (K lE‘, K2E2), and a in C,

heo = a-hq,
and, for any 4 in M__ (K|, sz)’ and a in C,

D, = ad, O
Proof — We divide the proof in nine parts.

1. In this part, we show that the /,’s are morphisms.

1.1. Let @ be in M(K,"", K,"2). Let us show that h,is in M(K,, K,"). For any x in
E,, and s, and s, in K|,

ho(s1 0 85) = P(f 5, 05) 0 4 (hy definition)
= O(f.,, Of.s) 0ax (Proposition 4.5)
= (P(f.,) 0 P(f, ;) o ax (@ is a morphism)
= (P(f,s) 0a) 0 (P(f. ) oa,) (Exercise 2.49)
= he(s)) O hels)). (hg definition)

1.2. Let e, be the element of K, selected by the nullary operation ¢, on K, and let
e, be the element of K, selected by the nullary operation e, on K,. Let @ be in

M, (K lE‘, KZEZ) (the set of morphism of the nullary operations). Let us show that /4 is in
M, (K,, KZW). For any x in E|,

hele)) = P(f...) o a, (hy definition)
= P(e)oa, ( f“l reduces to the constant image e,)
= e,o0d, (@ is a morphism)
= e,. (constant image in KQW)

1.3. Let @ be in M(K,", K,"2). Let us show that h, is in M (K,,K,"). For any x in
E,sin K, and a in C,
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ho(a-s) = D(f, as) o a, (h definition)
= P(a.f.,) oa, (Proposition 4.5)
= (a-D(f.,) o a, (® is a morphism)
= a.(DP(f.,) ca,) (Exercise 2.49)
= a- he(s). (h4 definition)

2. In this part, we show that the @,’s are morphisms.

2.1. Let (K,, O, €,) be a set equipped with an associative internal binary operation and
a nullary operation such that e, = ¢, 0 ¢,. Let A be in M (K|, KZW). Let us show that @,
is in MD(KIE‘,K2E2). For any f, and f, in KIE',

Q,(fiof) = EDE (h((fy o f)w) + u) (@, definition)
u 1

= EDE (h(fi(w) O fr(w) + u) (extension definition)
u 1

= EDE ((h(fi(w)) o h(f,(n))) + u) (h is a morphism)
u 1

EDE ((h(fi(m)) + u) o (h(f,(w)) + u)) (e, = e, O e,, Exercise 4.31)
u 1

= 0O fw)+wo O G(fw) + uw (associativity of o)
u € E| u € E|
= @,(f) o D). (P, definition)

2.2. Let (K,, O, e,) be a set equipped with an internal binary operation and a nullary
operation such that e, = e, 0 e, Let h be in ME(KI,KQW). Let us show that @, is in
ME(KIE‘,KzEz). We denote by e, (resp. e and e,) the constant image of KIE‘ (resp. KQW

E. .
and K, ?) assuming value e,.

D (e) = O (he,(w) + u) (@, definition)
u € K|

= O (e+uw (h is a morphism; e € K,"
u € E|

= 0O e, (+ definition; ¢, € K,™)
u € E|

= e,. (e, = e, 0e,)
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2.3. Let (K,, O, -, €,) be a set equipped with an internal binary operation, an external
binary operation (with operand in C) and a nullary operation such that
a(sot) = a.soa-tforany s and ¢ in K,, and e, = a-e, for any @ in C. Let & be in

M(K,, KZW). Let us show that @, is in M_(KIE‘, K2E2). For any fin KIE‘ and any a in C,

D (af) = EDE (h((a-pHw) + u) (@, definition)
1

= EDE (Ma-f(u) + u) (extension definition)
u 1

= 0O (a-h(f(w) + u) (h is a morphism)
u € E|

= EDE (a-(h(f(u)) + u)) (e, = a.e,, Exercise 4.32)
u 1

=a-( EDE (h(f(w)) + w)) (distributivity of . over D)

u 1
= a-P(f). (@, definition)

3. In this part, we show that the @,’s are spatially invariant window operators of
type 2. The proof is divided in two steps.

3.1. Let (K,, O, e,) be a commutative monoid. For any x in E|, let denote by D, the

expression E, — (W + x). For any f and g in K"t and any x in E|, such that
TIE; = {x}) = g/(E, — {x}),

Q,(H/D; = ( EDE (h(f(w) + u))/D, (@, definition)
u 1

= ((u e ED . (h(f(w)) + u)) o (h(f(x)) + x))/DX (o properties)

1

= (( e El:l { }(h(f(u)) + u))/D,) o (h(f(x)) + x)/D,)  (Exercise 2.50)

1

(h(f(x)) + x assumes value e, in D,
and e, is unit element for O)

=0 ED ) (h(f(w)) + w))/D,

1

( ED ( }(h(g(u)) + u)/D, (hypothesis)

u 1=

?,(9)/D,. (same arguments as above)

That is, @, is a window operator of type 2 w.r.t. x = (W + x).
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3.2. Let (K,, O, e,) be a commutative monoid. For any s in K, and any x, and x, in
El’

D, Doa, = ( O () +w)oa, (&, definition)
u € E|

=( O (hfe,.sw)) + w)) O (A(fy (x1)) + x)) oa, (O prop.)
u € E; — {x}

= (( U (h(e)) + w) 0 (h(s) + x,)) o a, (pulse definition)
u € E, — {x} 1

= (( 0 (e, + w) o (h(s) + x))) oa, (h is a morphism)
u € E; — {x !

= (( | ey) O (W(s) + x,)) o a, ( +definition)
u € E; — {x;} 1

= (h(s) + x)) oa, (e, is unit element for o)

= h(s) (Exercise 4.30)

= ¢h(ﬁc2, 5o Ay, (same arguments as above)

That is, @, is a spatially invariant window operator of type 2 with window W.

4. In this part, we show that the spatially invariant window operators of type 2. form
closed subsets.

4.1. Let us prove that IW,(K,"1, K,™) is Og,—closed. Let ¥ and @ be in
IWZ(KIE',KzEz). For any x, and x, in E,, and s in K|,

Wo @)(fxl’x) oa, = ('I/(fxl’x) m] @(fxl’x)) oa, (extension definition)
= (Y., )oa.) o (@, ))oa,) (Exercise 2.49)
= (Y., )oa,) 0(@(,))oa,) (spatial invariance)

= Wo (P)(fxr Jo Ay, (same arguments as above)

4.2. Let us prove that IWQ(KIE‘, KZEZ) is Ey,~closed. For any x, and x,in E,, and s
in K,

E(f, Joa, = e;0a, (extension definition)

e0d,, (e, is a constant image)

E (f., ) oa,. (extension definition)
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4.3. Let us prove that IWQ(KIE‘, KZEZ) is .g,—closed. Let @ be in IWQ(KIE‘, KZEZ) and
let a in C. For any x, and x, in E,, and s in K,

(@-D)f., ) oa, = (@@, ))oa, (extension definition)
= a(P(f, ) oa,) (Exercise 2.49)
= a(P?(f,, ) oa,) (spatial invariance)
= (a-D)(f, ;) 0y, (same arguments as above)

5. In this part, we show that the mappings @ — h, are morphisms

5.1. Let us show that @+ h, is a morphism from (IWQ(KIE‘,K2E2), 0) to
(PSE(K,,K,")), 0). For any ¥ and @ in IW,(K,"!, K,"), any x in E,, and s in K,

(hy O hp)(s) = hy(s) O hy(s) (extension definition)
= &(f,)oa, o Y., oa, (hg definition)
= (P(f.) o ¥Y(f.)) oa, (Exercise 2.49)
= Wod)f.,)oa, (extension definition)
= Ny elS). (hg definition)

5.2. Let us show that @ + h, is a morphism from (IW,(K,"1,K,"2),E) to

(PSF(K |, KQW)), e). We denote by e (resp. e,) the constant image of KQW (resp. K2E2) as-
suming value e,. Let For any x in E, and s in K|,

hi(s) = E(f..,) o a, (h definition)
= eyo0ay (E definition)
=e (a,and e definitions)

5.3. Let us show that @ +> h, is a morphism from (IWQ(KIE‘,K2E2), .) to
(PSE(K,,K,")), ). For any @ in IW,(K,", K,"), any a in C, any x in E,, and s in K,

(@-he)(s) = a-hy(s) (extension definition)
= a-(¥Y(f.)oa) (h definition)
= (a-¥(f.,) o a, (Exercise 2.49)
= (a-V)(f.,) o a, (extension definition)

= h, 4(s). (hy definition)
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6. In this part, we show that the mappings /& — @, are morphisms

6.1. Let (K,, O, e,) be a set equipped with an associative and commutative internal
binary operation and a nullary operation such that e, = ¢, O e,. Let us show that 1 — @,
is a morphism from (PSE(K,,K,")),0) to (IW,(K,"!,K,"),0). For any h and i in
PSE(K,,K,"), any x in E,, and fin K,"1,

(@, 0P)() = D(Ho D) (extension definition)

O () +xo O @(fk) +x (D, def.)
x € E| x € E|

D (W) +x) 0 (@) +x) (0 properties)
x 1

EDE ((h(f(x) oi(f(x))) + x) (e, = e, 0e, Ex. 4.31)
x 1

O ((hod(fx) + x) (extension definition)
x € E|

=, (@, def.)

6.2. Let (K,, O, e,) be a set equipped with an internal binary operation and a nullary
operation such that e, = ¢, 0 e, Let us show that 4~ @, is a morphism from
(PSF(K |, KQW)), e)to (IWQ(KIE‘, K2E2),E). We denote by e (resp. e,) the constant image

of KQW (resp. K2E2) assuming value e,. For any x in E|, and fin KIE',

o) = 0O (e(f) +x) (@, def.)
x € E|

= 0O (e+x (e selects the constant image ¢)
x € E|

= e, ( +definition and o properties)

= E(f). (E definition)

6.3. Let (K,, O, -) be a set equipped with an internal binary operation, a distributive
external binary operation (with operand in C) and a nullary operation such that e, = a.e,,
for any a in C. Let us show that &+ @, is a morphism from (PSF(KI,KQW)), .) to
(IW,(K,"1, K,"2),.). For any h in PSE(K,,K,"), @ in C, any x in E,, and fin K,",
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(@-D,)H = a-?, (extension definition)
=a.( O (Ki{fx) + x) (P, def.)
x € E|

= 0O ((@*fx) + x) (- property)

x € E|
= EDE ((a-h(f(x))) + x) (e, = a-e,, Exercise 4.32)

X 1
= EDE ((a-h)(f(x)) + x) (extension definition)

X 1
=@, (P, def.)

7. In this part, we show that @ + h,, is a bijection from IWQMD’E(KIE',KZEZ) to
M. (K|, KZW). The proof is divided in four steps.

7.1. Let® bein IW,M_ (K lE‘, K2E2), by definition, &, is a mapping from K, to KZW.
Parts 1.1 and 1.2 imply that A, is in MD’E(KI,KZW).

7.2. Let (K,, O, €,) be a commutative monoid. Let 4 be in M (K|, sz)’ by defini-
tion, @, is a mapping from K,°! to K,™. Parts 2.1, 2.2 and 3 imply that @, is in
IW,M. (K, "1, K,").

7.3. Let @ be in IW,M_.(K,"', K,"). For any fin K,"!,

@, (Hh= U (h(fw) + u (@, definition)
@ u € E|
= U @F. ) oa.+uw (hg definition; x € E))
u € E|
= 0O @F, ) oa. +uw (@ is spatially invariant)
u € E|
= 0O o Exercise 4.33
v EE, (Fueyw) (Exercise )
=@ U Srw) (@ is a morphism)
u € E|
= Q(f), (Proposition 4.6)

that is, @ ~ h,, is an injection from IW,M, (K,"!, K,") to M (K, K,").
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7.4. Let (K,, 0, €,) be a commutative monoid. Let # be in M, (K], KZW). For any s in
Kl )

he () = Py(f..,) o ax (h definition)

h(s), (same arguments as in Part 3.2)
that is, @ > h,, is a surjection from IWQMD’E(KIE‘, K2E2) to M (K|, KZW).

8. In this part, we show that @ — h, is a bijection from IW,M, (K lE‘,K2E2) to
M, (K, KZW). The proof is divided in four steps.

8.1. Let®@bein IWQMD’_’E(KIE‘, K2E2), by definition, A4 is a mapping from K, to KZW.
Parts 1.1, 1.2 and 1.3 imply that A, is in MD’_’E(KI,KQW).

8.2. Let (K,, O, -, e,) be a set equipped with an internal binary operation, an external
binary operation (with operand in C) and a nullary operation such that (K,, O, e,) is a com-
mutative monoid, a-(s 0 f) = a.soa-tforany sand¢in K,, and e, = a.e, for any a in

C.Lethbein M, (K|, sz)’ by definition, @, is a mapping from KIE‘ to K2E2. Parts 2.1,
2.2, 2.3 and 3 imply that @, is in IW,M,_(K,"!, K,"?).

8.3 By the same arguments of 7.3, @ +> h, is an injection from IWQMD’_’E(KIE‘, K2E2)
to Mg (K, K,").

8.4 By the same arguments of 7.4, @ — h,is an surjection from IW,M,,_ (K lE‘, K2E2)
to My (K, K,").

9. In this part, we study the closure properties of IW,M, (K lE‘, K2E2), M. (K|, sz)’
IW,M,_(K,"",K,") and M, (K. K,").
9.1. By Part 4.1, IW,(K, "1, K,"?)is 0, —~closed and E o,~closed. By Proposition 3.67,

Mo(K,"1, K,"2) is Og,—Closed and Eq;—closed. By Proposition 3.69, MK, K,"2) is
Oy,—closed and Eg,—closed. Consequently, by Proposition 3.55 their intersection

IW,M, (K lE‘, K2E2) is 0,,—closed and Eq,—closed.

9.2. By Proposition 3.67, M,(K}, KQW) is Opg—closed and epg—closed. By Proposi-
tion 3.69, M (K|, KQW) is Opg—closed and epge—closed. Consequently, by Proposition 3.55

their intersection M, (K, KQW) is Opg—closed and epge—closed.

9.3. By Part4.1, IWQ(KIE‘, KZEZ) is 0, —closed, E,—closed and .,—closed. By Prop-
osition 3.67, MD(KIE',KzEz) is 0 ,—closed, Eq,—losed and .,,—closed. By Proposition
3.68, M_(KIE',KzEz) is O,,—closed, Eq,—losed and .,,—closed. By Proposition 3.69,
MK, "1, K,") is Og,—closed, Eq,—closed and - o,—closed. Consequently, by Proposition

3.55 their intersection IW,M, (K lE‘,K2E2) is O,—closed, Eq,—losed and .q,—closed.
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9.4. By Proposition 3.67, M,(K|, KQW) is Opg—closed, -psp—closed and epge—closed.
By Proposition 3.68, M (K|, KQW) is Opg—closed, -psp—closed and epg—closed. By Propo-
sition 3.69, ME(KI,KQW) is Opg—closed, -pge—closed and epge—closed. Consequently, by

Proposition 3.55 their intersection MD’_’E(KI,KQW) is Opg—closed, .psp—closed and epge—
closed. O

Before ending this section, we comment the relationship between the two types of
window operators. First we observe that (in the finite case), the number of families of luts
which characterize the spatially invariant window morphisms of type 1 is equal to the
number of families of point spread functions which characterize the spatially invariant
window morphisms of type 2. If the input and output gray—scale are, respectively K, and

K,, and the window is W, then this number is #KzKl#W.

As a consequence of the above observation, there exists a bijection between the set
of families of luts Lu(W,K,"") and the set of families of point spread functions
PSE(K,,K,"), in other words, Lu(W", K,*1) = PSF(K,, K,"). One possible bijection from
PSF(K,, K, ") to Lu(W", KQK‘) is h — [,, where, [, is the family of luts defined by, for any
uin W'and s in K,

A
Li(u)(s) = h(s)(— u).
The existence of such bijection implies that there exists a bijection between the set
IW M(K,"", K,") of spatially invariant window morphisms of type 1 (with window W")

and the set IW,M(K,"1, K,™) of spatially invariant window morphisms of type 2 (with
window W), but this doesn’t mean that we can find a spatially invariant window morphism
of type 1 equals to a spatially invariant window morphism of type 2.

Nevertheless, this is true when the image domains are equal to Z? as it is shown in
the last proposition of this section.

Proposition 4.35 (relationship between window operators of type 1 and 2) — Let E, and
E, be Z? and let W be a subset of Z>. Let (K,, O, e,) be a commutative monoid. For any

hin PSF(K,,K,"), ®,is a spatially invariant operator of type 2 with window W and 'Plh
is a spatially invariant operator of type 1 with window W', and we have,
¥, =P, O

Proof - If E, = E, = Z’then E, = E, ® Wand E, = E, © Wfor any subset W of Z°.

Furthermore, for any fin K 1Z2 and y in Z?,

W,h(f)(y) =( 04 Y w© T_)H») (¥, definition with window W)
ue w

= 0O @,weT-2N0) (extension definition)
ew

u

= 0O vy, ,(T-.N) (composition definition)
wew "
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= O @woT_.(H(Y) (¢, definition)
u €W

= O Lw(T_.H©) (composition definition)
u €W

= O Ly + w) (T, definition)
u €W

= O &« + w)(—uw (1, definition)
u €W

= O ;afe)y — x) (x=y+u
x—y€EW

= O h(f )y — x) (translate definition)
xXEW +y

= O h(f(x)(y — x) (Exercise 4.42)
yeE W+ x

= | (h(f(x)) + x)(y) (+ definition)
yeEW+x

= O (f@) + 00 (Exercise 4.42)
xXEW +y

O () + x00) (+ prop. and e, is unit element)

x € 72

=( O , (h(f(x)) + X)) (extension definition)
x EZ

= ?D,(H(y). (P, definition)

O

Proposition 4.35 shows that the distinction between types 1 and 2 becomes meaning-
less when the image domain becomes infinite (Z?).

4.4 Linear and morphological window operators

In Section 3.1 we have seen that under some specific conditions, each lut which is morph-
ism for an external binary operation with operand in the gray—scale can be characterized
in terms of a parameter, the value of which being a gray-level.
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In this section, we will begin by studying a similar situation in which the luts are re-
placed by families of point spread functions. In other words, we will characterize the fam-
ilies of point spread functions which are morphisms of an external binary operation.

Let (K, ., e") be a commutative monoid. From the morphism definition, a family of
point spread functions 4 from K to K" is a morphism for the operations . on K and its ex-
tension to K", denoted by the same symbol ., iff, for any s and 3 in K,

h(B.s) = B-h(s).

Let 1 be a mapping from K to K", we denote by a,, the expression defined by
a, = hie').

Let s be an element in K and a be an element in K%, we denote by £,(s) the expression
defined by

hy(s) = s.a.

Proposition 4.36 (characterization of the families of point spread functions which are
morphisms of an external operation) — Let (K, -, ¢") be a monoid and let M (K, K") be the
set of families of point spread functions from K to K" which are morphisms for the opera-

tions . on K and its extension to K", then the mapping h — a, from M (K, K") to K" is
a bijection and its inverse is a — h,,. O

Proof — 1. For any 4 in M (K, K"), a, is an element of K".

2. For any a in K", the mapping s —> h,(s) is in M (K, K") as we can see below. For any
sand B in K, and u in W,

hoB-5)w) = ((B-5)-a)(u) (definition of &,(s))
= (B-5)-au) (extension definition)
= f-(s-au)) (associativity)
= B.(s-a)(u) (extension definition)
= B-hy(s)(u) (definition of &,(s))
= (B-hy(s))(w), (extension definition)

that is, ha(B-5) = B-ha(s).
3. Let h be in M (K, KY), for any s in K

he (s) = s-a, (definition of h,(s))
= s.h(e) (definition of a,)
= h(s-e") (hisin M(K, K"))
= h(s), (e’ is a unit element of .)

that is, / = a, is an injection.
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4. Leta bein K%, and u in W,

a,(u) = h,(e")(u) (definition of a,)

= (e".a)(u) (definition of h,(s))

= e'.au) (extension definition)

= a(u) (e’ is a unit element of .)

that is, [ = a, is a surjection. O

The characterization presented in Proposition 4.36 is important because it shows that
each family of point spread functions which is a morphism as described in this proposition
reduces to a unique point spread function.

We can apply this result to the case of linear operators on real images and to the case
of the morphological operators (dilations and erosions) on binary images.

When the image domain is Z>, the characterization of the linear operators may be
written in terms of a convolution product as shown in the next proposition.

Proposition 4.37 (linear operators and convolution product) — If @ is a linear spatially
invariant window operator from R% to R%, then there exists a mapping # in R% such
that for any image fin R%,

D) = f=n. O

Proof — If @ is a linear spatially invariant window operator from RZ% to R% with window
W, then (by Part 2 of Proposition 4.34) there exists a linear family 4 : R — R" of point
spread functions such that @ = @, namely & = h,, and (by Proposition 4.36) there ex-
ists a point spread function a : W — Rsuch that i(s) = s.a, namely a = a,. We denote

by 7 the mapping in RZ% defined by, for any y in Z?,

()é aly) ifyew
ny 0 otherwise’

For any fin R and any y in Z?,

2N (y) = D,(N(y) (Proposition 4.34)
=( X (h(fx) + )0 (P, definition)

x € 72
= X (X)) + 00 (extension definition)

x € 72

2 (N = x) (+ definition)
W+ y

x €
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= 2 (f@a)y-—x (Proposition 4.36)
xXE W +y

= > fx)-a,y — x) (extension definition)
xXE W +y

= 2 f@al-x (Exercise 4.42)
yeEW+x

= 2 fay—x (translate definition)
y—x€W

= X f)ny - ( definition)
y—x € Z?

= 2 fx)nG - (property of Z?)
x € 72?7

= (f=m»). (convolution product definition)

O

When the image domain is Z* and the input and output images are binary, the charac-
terization of the dilations may be written in terms of a Minkowski addition as shown in
the next proposition.

Let f be a binary image in {0, 1}Z2. We denote by supp(f) the inverse image of {1}
through f. The mapping f > supp(f) is a bijection, its inverse is the mapping X — 1
where 1y is the indicator function of the subset X of Z> (see Banon & Barrera, 1998).
Proposition 4.38 (dilation and Minkowski addition) — If @ is a spatially invariant win-
dow operator from {0, 1 }Z2 to {0, 1 }Z2 with window W, and is a dilation, then there exists
a subset B of W such that, for any image fin {0, 1}Z2,

@(f) = lsupp(/)éBB' U

Proof — If @ is a spatially invariant window operator from {0, 1 }Z2 to {0, 1 }Z2 with win-
dow W, and is a dilation, then (by Part 1 of Proposition 4.34) there exists a family
h: {0,1} — {0, 1}Y of point spread functions which is a dilation, such that @ = @,, and
(by Proposition 4.36) there exists a point spread function a : W — {0, 1} such that
h(s) = s A a. We denote by B the subset of W defined by,

B = supp(a).
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For any fin {0,1}% and any y in Z?,
PN = PyNK)

V. _((fx) + )
x € 72

x EZ

V
xEW +y

R ANCRRO G

V
xE W +y

V

yeEW+x

Vv

y—x€W

V B +00)

(h(f N — x)

f@) Aaly — x)

f@) A aly — x)

f@) Aaly — x)

V fy—w A a)
u€ew

f

B

m<

u

u B

(Vv
€

u B

that is, for any fin {0, 1}%,

()

—u)

VvV (f+w®
€

f + w)(y),

Vo (f+uw
u €B

167

(Proposition 4.34)

(P, definition)

(extension definition)

( + definition)

(Proposition 4.36)

(extension definition)

(Exercise 4.42)

(translate definition)

(u=y=x

(B definition)

(translate definition)

(extension definition)

(above result)

(f = supp(f) is injective)

(supp commute with translation)

(1, commute with union)

(Minkowski addition definition)

O
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When the image domain is Z? and the input and output images are binary, the charac-
terization of the erosions may be written in terms of a Minkowski subtraction as shown
in the next exercise.

Exercise 4.39 (erosion and Minkowski subtraction) — Prove that if ¥ is a spatially invari-
ant window operator from {0, 1}Z2 to {0, 1}Z2 with window W, and is an erosion, then

there exists a subset B of W such that, for any image fin {0, 1}Z2,
W(f) = lsupp(/)eB' U

4.5 Some mathematical definitions and properties

To help the understanding of the definitions given in the previous sections, we recall some
important mathematical definitions such as reduction, transpose and translate, and we re-
call some properties of the morphism composition and closure with respect to an extended
operation.

Reduction

Let A be a finite set with n elements, and (B, O) a commutative semigroup. Let i — a;

be bijection from n to A and f'a mapping from A to B, we denote by [1 f(a;) the expres-
i €En
sion defined by

, E f(@) = (.((f(@) 0 f(ay) 0 f(ay)..) 0f(a,).

Since A is finite and O is associative and commutative, the above expression does not

depend on the bijection and we denote it, alternatively, by [0 f(a) or simply by O f.
a €A

The mapping from B* to B given by f > [ fis called a reduction on B.

If A is a finite set, C is a non—empty set, and (B, 0) is a commutative semigroup, then
by extension definition, we have, for any f from A to B, and any ¢ in C,

(O fla)e) = O fla)o),
a €A a €A
that is, the reduction [] on B€ is an extension of the reduction [] on B.

Morphism composition

The morphism property is preserved under composition.
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Proposition 4.40 (morphism composition) — 1. Let (A, 0), (B, 0)and (C, 0) be three sets
equipped with internal binary operations. Let f be a morphism from (A, o) to (B, 0), and
let g be a morphism from (B, o) to (C, 0), then g o fis a morphism from (A, o) to (C, 0).
The same result is true for external binary operations with operand in a set K, and nullary
operations. O

Proof — 1. For any f from A to B, any g from B to C, and any x and y in A,

(goNHxoy) = g(f(xoy) (composition def.)
= g(f(x) o f(») (f is a morphism)
= g(f(x)) o g(f(») (g is a morphism)
= (gofHilx) o (goHB). (composition def.)

2. For any f from A to B, any g from B to C, any x in A and any a in K,

(g oNla-x) = g(f(a-x)) (composition def.)
= gla.f(x)) (f is a morphism)
= a-g(f(x)) (g is a morphism)
= a-(goN). (composition def.)

3. For any f from A to B, and any g from B to C,

(gofNles) = g(flen) (composition def.)
= glep) (f is a morphism)
= éc (g is a morphism)

O

Extension versus closure

The next proposition shows how extension and closure can be combined.
Proposition 4.41 (extension versus closure) — Let A be a non—empty set.

1. Let (B, 0) be a set equipped with an internal binary operation, and let X be a subset
of B o—closed. Then the set of mappings f from A to B such that f(A) C X is closed under
the extension to B* of o on B.

2. Let (B, -) be a set equipped with an external binary operation with operand in a set
C, and let X be a subset of B .—closed. Then the set of mappings f from A to B such that
f(A) C X is closed under the extension to B* of . on B.

3. Let (B, e) be a set equipped with a nullary operation, and let X be a subset of B
e—closed. Then the set of mappings f from A to B such that f(A) C X is closed under the

extension to B* of e on B. O

Proof — 1. For any fand g from A to B such that f(A) C X and g(A) C X, and any a in
A’

true < f(a) andg(a) € X (image definition)

< fa)ogla € X (X is o—closed)

< (fogla) € X, (extension definition)

that is, by image definition, f o g is a mapping from A to B such that (fo g)(A) C X.
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2. For any f from A to B such that f(A) C X, any a in C, and any a in A,

true < f(a) € X (image definition)
< a.f(a) € X (X is o—closed)
< (aHa) € X, (extension definition)

that is, by image definition, a.f is a mapping from A to B such that (a.f)(A) C X.

3. By extension definition, the extended nullary operation on B* selects the constant
mapping a > e. Since X is e—closed the image of A through a — e, {e} is contained in
X. O

Some operations derived from an Abelian group

A set G equipped with an internal binary operation + and a nullary operation o which
satisfy the following properties (Cagnac et al.,1963, p. 34) for any x, y, and z in G,

x+y+z=x+@ +2 (associativity)
x+o=0+x=x (unit element)
I eEG xX+x=x+x"=o0 (opposite existence)

is a group. This algebraic system is denoted (G, +,0). The opposite element x’ of an ele-
ment x in G is unique and is denoted by — x. We denote by x — y the expression given
by
A
X=y=x+(—y.
If the operation + is commutative then the group is called an Abelian group.

An example of Abelian group is (Z?, +, 0) where Z is the set of integer pairs, +
is usual addition and o is the nullary operation which selects the pair (0, 0).

Let X be a subset of (G, +,0), the transpose of X is the subset of G, denoted by X'
and defined by,

X2 (xeG: —xeX).

Let X be a subset of (G, +,0) and let u be an element of G, the translate of X by u
is the subset of G, denoted by X + u and defined by,

X+ué{x€G:x—u€X}.

Let f be a mapping from G to K and let u be an element of G, the translate of f by u
is the mapping from G to K, denoted by f + u and defined by, for any x in G,

(f + wx) = fx — ).

Exercise 4.42 (transpose versus translate) — Prove, that for any subset W of G, and any
xand y in G,

YEW+x = xE W +y O
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We now show how to combine two subsets of an Abelian Group.

Let A and B be two subsets of G. The Minkowski sum of A and B is the subset of G,
denoted by A @ B and defined by,

A®B2{xEG:3a €A and IbE B, x = a + b}.

Let A and B be two subsets of G. The Minkowski difference of A and B is the subset
of G, denoted by A © B and defined by,

AOB2{xEG:VYbEB, Fa €A, x =a— b).
In general we don’t have
C=A0CB < CDOB=A,
but we have (see, for example Banon & Barrera, 1998), for any subsets A, B and C of G,
CCASB < CDOBCA.

The operation (A, B) — A @ B from G X G to G is called Minkowski addition and
the operation (A,B) — A © B from G X G to G is called Minkowski subtraction
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Index

A

Abelian group, 170
anti—dilation, 104
anti—erosion, 104
antireflexive, relation, 21
antisymmetric, relation, 21
antitone, mapping, 30
antitransitive, relation, 21

array
numerical —, 5
rectangular — of natural numbers, 5

array—element, 5

associative, operation, 49

band, 41

basis
canonical —, 52
for a linear vector space, 52

bijection, 16
bijective, mapping, 16

binary relation, 13

C

Cartesian product, 13
chain, 22

closed
interval, 23
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subset under a nullary operation, 99

subset under a unary operation, 99

subset under an external binary opera-
tion, 99

subset under an internal binary opera-
tion, 99

column vector of a matrix, 58
commutative, operation, 49
compagnion Luts, 67
composite, of two mappings, 16
composition of mappings, 17

spatially invariant, window operator of
type 1, 131, 132

converter, continuous to discrete, 88
coordinates, of a vector in a basis, 52

covariance matrix, of a row matrix of
images, 39

covering, relation, 24

D

decreasing, mapping, 30

dependent, linearly — set of vectors, 52
dilation, 103

dimension of a linear vector space, 53
display device, 10

distributive, operation over a binary op-
eration, 50

domain, of a mapping, 14

dual
mutually — lattices, 93
mutually — posets, 89



Index

E

eigenvalue, 58
eigenvector, 58
element, 13

elementary
mapping, 104
morphological mapping, 104

energy, of a row matrice of images, 44

equality
between elements, 13
between images, 3
between sets, 13

equivalence relation, 22
erosion, 103

Euclidian
vector space, 54
vector space of p—tuples, 55

extension
— of a binary relation, 108
— of an internal binary operation, 56
external — of a binary operation, 56
nullary operation —, 56
of a mapping, 48
of a monoid, 98
real — of an image, 31
unary operation —, 56

extremity
left — of an interval, 23
right — of an interval, 23

':

families of luts
intersection of —, 128
union of —, 128

family of luts
greatest —, 128
least —, 128
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function, 14

function set, 15

G

graph
of a given mapping, 21
of a poset, 29

graph—of—-a—mapping, 14

gray—scale, 1
continuous —, 61
discrete —, 61

greatest element of a poset, 90

group, 170
Abelian —, 170

H

Hasse diagram, 23
of a poset, 29

Hotelling, transform of a row matrix of
images, 43

idempotence, 93

identity, mapping, 15

image, 2
addition, 32
black —, 32, 84

centralized version of an —, 35
difference, 33

digital gray—level —, 2
gray—level —, 2

histogram, 39

intersection, 84

mean, 34

multiplication, 33
multiplication by a scalar, 32
multispectral —, 41

negative —, 33, 88
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norm, 54
of a subset, 15
operator, 71

product of an — by a scalar, 32

pulse —, 113
real —, 31

standard deviation of an —, 37

sum of an —, 34
union, 84
variance, 37
white —, 84

images
correlated —, 36

correlation coefficient of two —, 38

covariance of two —, 36
inner product of —, 34
orthogonal —, 34
product of —, 33

sum of —, 32
uncorrelated —, 36

inclusion, 14
relation, 22

increasing, mapping, 30

independent, linearly — set of vectors,

52
infimum of a set, 91
injection, 16
injective, mapping, 16
inner product, 53
insertion, 48

intersection, 94
image —, 84
lut —, 69, 85
measure —, 126
of families of luts, 128

interval, closed —, 23

inverse
left — of a mapping, 18
of a mapping, 19

right — of a mapping, 18

two sided— of a mapping, 19

inverse image, 16
isomorphism, 101

isotone, mapping, 30

K
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Karhunen-Loeve, transform of a row

matrix of images, 43

L

lattice, 93, 94
function —, 108
power —, 108

lattices, mutually dual —, 93
least element of a poset, 90

linear, combination of vectors, 52

linear combination, 41
linear mapping, 103

linear vector space, 51
basis for a —, 52
dimension of a —, 53
subspace of a —, 99

look—up-table, 61
lower bound of a set, 90

lut, 61
as anti—dilation, 64
as anti—erosion, 64
as dilation, 64
as erosion, 64

elementary morphological —, 64

greatest —, 70
intersection, 69
least —, 70
linear —, 63
union, 69
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M mutually converse, binary relation —, 14

mapping, 14
antitone —, 30 N
decreasing —, 30

increasing —, 30 negation, 88

isotone —, 30 negative

pulse —, 113 image, 33

value of a —, 14 of a vector, 51
mapping set, 15 norm, of an image, 34

mappings, mutually inverse —, 19

matrix, 23 O

column —, 23

column vector of a —, 58 operation

orthogonal —, 58 associative —, 49

real —, 23 binary —, 48

row —, 23 commutative —, 49

symmetric —, 58 distributive — over an operation, 50

external binary —, 48

maximal element of a poset, 91 internal binary —, 48

measure, 111 nullary —, 49
greatest —, 127 restriction, 99
intersection, 126 unary —, 48
least —, 127 unit element for a binary —, 50
union, 126 operator, 48, 71

as anti—dilation, 85

minimal element of a poset, 91 . i
as anti—erosion, 85

Minkowski as dilation, 85
addition, 171 as erosion, 85
subtraction, 171 elementary morphological —, 85
monoid, 98 greatest —, 85
intersection, 85
morphism least —, 85
joint —, 103 linear —, 83
meet —, 103 pointwise —, 71
of external binary operations, 100 spatially invariant pointwise —, 73
of internal binary operations, 100 spatially invariant window — of type
of monoids, 103 1, 131, 132
of nullary operations, 100 translation —, 146

of unary operations, 100 union, 85



Index

window — of type 1, 130
opposite, 170
ordered pair, 13
ordinal number, 23
orthogonal, set of vectors, 54
orthogonal matrix, 58

orthonormal, set of vectors, 54

P

palette, 61

partial ordering relation, 22
partially ordered set, 22
picture—element, 1

pixel, 1
location, 2
of an image, 3, 6

pluse
image, 113
mapping, 113

point spread function, 152
poset, 22
poset—dual-isomorphism, 30
poset—isomorphic, 30
poset—isomorphism, 30
poset—morphism, 30

posets, mutually dual —, 89

principal component
first —, 41
second —, 42
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R

range, of a domain, 14
read—pixel, 112
reduction, 168
reflexive, relation, 21

relation
antireflexive —, 21
antisymmetric —, 21
antitransitive —, 21
covering —, 24
equivalence —, 22
inclusion —, 22
partial ordering —, 22
reflexive, 21
strict inclusion —, 24
strictly antisymmetric —, 21
symmetric —, 21
transitive —, 21

restriction
of a mapping, 48
operation —, 99

S

scanner device, 10

selection
black image —, 32, 84
greatest family of luts —, 128
greatest lut —, 70
greatest measure —, 127
greatest operator —, 85
least family of luts —, 128
least lut —, 70
least measure —, 127
least operator —, 85
white image —, 84

semigroup, 98
semilattice, 93

separable
measure with respect to an internal
binary operation, 119
operator with respect to an internal
binary operation, 149
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set, 13 of a set, 170
linearly dependent — of vectors, 52 .
linearly independent — of vectors, 52 translation, operator, 146

. . . . . transpose, of a set, 170
spatially invariant, pointwise operator,

73
strict inclusion, relation, 24 U
strictly antisymmetric, relation, 21
sub—measure, of a separable measure, union, 94
120 image —, 84
subimage, 130 132;;132 126
sublattice, 99 of families of luts, 128
submonoid, 99 operator —, 85
subset, 13 unit element for a binary operation, 50

of a poset, 22 upper bound of a set, 90

supremum of a set, 91

surjection, 16

\'}

surjective, mapping, 16

symmetric, relation, 21 vector, 51
symmetric matrix, 58 coordinates of a — in a basis, 52
vectors
linearly dependent set of —, 52
T linearly independent set of —, 52

orthogonal —, 54

transform
Hotelling — of a row matrix of imag-
es, 43
Karhunen-Loéve — of a row matrix of W
images, 43

.. . window, 131, 132
transitive, relation, 21

translate window operator of type 1, 130

of a mapping, 170 window operator of type 2, 130



